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Abstract

This paper introduces some new classes of functions called ~-Ps-
continuous, (-Ps-open and (-Ps-closed using - Ps-open set and - Pg-
closed set. In addition, some properties and characterizations of these
functions are given. The result shows that +-Pg-continuous function
and ~v-continuous function are independent.
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1 Introduction

Kasahara [5] defined the concept of a-closed graphs of an operation v on 7.
Later, Ogata [12] renamed the operation « as y operation on 7. He defined and
investigated the concept of operation-open sets, that is, y-open sets. Further
study by Krishnan and Balachandran ([8], [9]) defined two types of sets called
v-preopen and y-semiopen sets. Recently, Asaad, Ahmad and Omar [1] defined
the notion of ~-regular-open sets which lies strictly between the classes of -
open set and 7-clopen set. They also introduced a new class of sets called
v-Ps-open sets, and they also defined ~-Ps-operations and their properties [2].
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They proved that the union of any class of v-Ps-open sets in a space X is
also a y-Ps-open, but the intersection of any two 7-Ps-open sets may not be
a y-Pgs-open.

In this paper, we define the concept of v-Ps-continuous function and then
establish its properties. The result reveals that - Ps-continuous function and
~-continuous function are independent. Furthermore two other classes of func-
tions called (- Ps-open and (3- Ps-closed are defined. Some properties and the-
orems for these two functions are also presented.

Throughout this paper, the pairs (X, 7) and (Y, o) (or simply X and Y)
represent denote topological spaces with no separation axioms assumed unless
explicitly stated. Let A be any subset of X, Int(A) and CI(A) denotes the
interior of A and the closure of A, respectively.

2 Preliminaries

A subset A of X is said to be preopen if A C Int(CI(A)) [11] and semiopen
if A C Cl(Int(A)) [10]. The complement of a semiopen set is said to be
semiclosed. A preopen subset A of a topological space (X, 7) is said to be Pg-
open if for each z € A, there exists a semiclosed set F' such that x € FF C A
[6]. An operation « on the topology 7 on X is a mapping v:7 — P(X) such
that U C ~(U) for each U € 7, where P(X) is the power set of X and ~(U)
denotes the value of v at U [12]. A nonempty set A of X with an operation
v on T is said to be y-open [12] if for each x € A, there exists an open set U
containing x such that v(U) C A. The complement of a y-open set is called
a 7y-closed. The 7,-closure of a subset A of X with an operation v on 7 is
defined as the intersection of all «-closed sets containing A and it is denoted
by 7,-Cl(A) [12], and the 7,-interior of a subset A of X with an operation
on 7 is defined as the union of all y-open sets containing A [9].

A topological space (X, 7) with an operation v on 7 is said to be y-regular
if for each x € X and for each open neighborhood V' of x, there exists an open
neighborhood U of x such that v(U) C V' [5]. A topoplogical space (X, 7) with
an operation v on 7 is said to be v-locally indiscrete if every ~-open subset
of X is y-closed, or every 7-closed subset of X is y-open [1]. A topological
space (X, 7) with an operation v on 7 is said to be y-semi-T; if for each pair of
distinct points z,y in X, there exist two vy-semiopen sets U and V such that
reUbuty¢gUandy eV butaz ¢V I[9. Let (X,7) and (Y,0) be two
topological spaces and vy be an operation on 7. A function f:(X,7) — (Y, 0)
is called y-continuous if f~*(V) is y-open set in X, for every open set V in Y’

3).
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Now we recall some definitions and results which will be used in the sequel.
Remark 2.1 For any subset A of a topological space (X, T). Then:

1. A is y-open if and only if 7,-Int(A) = A [7].

2. A is y-closed if and only if 7,-Cl(A) = A [12].

Definition 2.2 Let (X, 7) be a topological space and ~y be an operation on
7. A subset A of X is said to be:

1. y-regular-open if A = r,-Int(r,-Cl(A)) [1].
2. ~y-preopen if A C 7. -Int(r,-CI(A)) [8].

3. ~-semiopen if A C 7.-Cl(r,-Int(A)) [9].

4. y-B-open if A C 7. -Cl(r, -Int(r,-CI(A))) [3]].

Definition 2.3 The complement of y-reqular-open, ~v-preopen and y-semiopen
set is said to be y-reqular-closed [3], v-preclosed [8] and ~-semiclosed [9], re-
spectively.

Definition 2.4 [2] A ~y-preopen subset A of a topological space (X, T) is
called v-Ps-open if for each x € A, there exists a vy-semiclosed set F' such that
x € FF C A. The complement of a v-Ps-open set is called a v-Ps-closed.

The family of all v-Ps-open and ~-preopen subsets of a topological space
(X, 7) are denoted by 7,-PsO(X) and 7,-PO(X), respectively.

Lemma 2.5 [2] Let A be a subset of a topological space (X, T) and ~y be an
operation on 7. Then A is v-Ps-open if and only if A is vy-preopen set and A
18 a union of y-semiclosed sets.

Definition 2.6 [2] Let A be any subset of a topological space (X, T) and
be an operation on 7. Then

1. the 7,-Ps-interior of A is defined as the union of all v-Ps-open sets of
X contained in A and it is denoted by T,-PsInt(A).

2. the 1,-Pg-closure of A is defined as the intersection of all y-Pg-closed
sets of X containing A and it is denoted by T,-PsCI1(A)

Definition 2.7 [2] A subset N of a topological space (X, T) is called a -
Pg-neighbourhood of a point x € X, if there exists a v-Ps-open set U in X
such that v € U C N.
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Definition 2.8 [2] Let (X, T) be a topological space and ~y be an operation
on 7. Let A be any subset of X. Then

1. the v-Pg-derived set of A is defined as {x : for every vy-open set U con-
taining x, UN A\ {x} # ¢} and it is denoted by 7,-PsD(A).

2. the v-Pg-boundary of A is defined as 17,-PsCI(A) \ 7,-PsInt(A) and it is
denoted by 7,-PsBd(A).

Theorem 2.9 [2] Let A be a subset of a topological space (X, T) and v be
an operation on 7. Then x € 7,-PsCIl(A) if and only if ANU # ¢ for every
v-Pg-open set U of X containing x.

Theorem 2.10 /2] Let (X, T) be a topological space and ~y be an operation
on 7. For any subset A of a space X. The following statements are true.

1. A is y-Pg-open set if and only if 7,-PsInt(A) = A.
2. A is y-Pg-closed set if and only if 7,-PsCI(A) = A.

3. 7,-PsCl(X \ A) = X \ 7-PsInt(A) and 7,-PsInt(X \ A) = X \ 7,-
PsCI(A).

4. TW—PsD(A) Q TW—PSCZ(A).

5. 7,-PsCIl(A) = 7,-PsInt(A) UT,-PsBd(A).

Remark 2.11 If a topological space (X, T) is y-reqular, then 7, = 1 [12]
and hence T,-Int(A) = Int(A) [7].

Theorem 2.12 [2] Let (X, T) be a topological space and y be an operation
on 7. Then:

1. If X is y-reqular, then the concept of v-Ps-open set and Ps-open set are
equivalent.

2. If X s y-semi-Ty, then the concept of v-Ps-open set and ~y-preopen set
are equivalent.

3. If X is y-locally indiscrete, then the concept of v-Ps-open set and y-open
set are equivalent.

Definition 2.13 [6] A function f: (X, 7) — (Y, 0) is said to be Ps-continuous
if the inverse image of each open set in'Y is Pg-open in X.



~-Pg-functions in topological spaces 289

Definition 2.14 [4] Let (X, 7) and (Y,0) be two topological spaces and ~y
be an operation on 7. A function f:(X,7) — (Y,0) is called vy-precontinuous
at a point x € X if for each open set V of Y containing f(x), there exists a -
preopen set U of X containing x such that f(U) C V. If f is y-precontinuous
at each point x of X, then f is said to be y-precontinuous.

Theorem 2.15 [4] Let (X, 7) and (Y,0) be two topological spaces and ~y
be an operation on 1. A function f:(X,7) — (Y,0) is vy-precontinuous if for
every open set V. in'Y, f~YV) is y-preopen set in X.

Definition 2.16 /4] Let 3 be an operation on a topological space (Y, o).
A function f:(X,7) — (Y,0) is called B-preopen and [-preclosed if for every
open and closed set V of X, f(V) is [-preopen and [(-preclosed set in Y,
respectively.

3 7v-Ps-Continuous Functions

In this section, we introduce a new class of functions called 7-Ps-continuous
using v-Pgs-open set. Moreover, we give some characterizations and theorems
of this function. The result shows that +-Ps-continuous and ~-continuous
functions are independent.

Definition 3.1 Let (X, 7) and (Y, 0) be two topological spaces and ~y be an
operation on 7. A function f:(X,7) — (Y,0) is called v-Ps-continuous at a
point x € X if for each open set V' of Y containing f(x), there exists a ~y-Ps-
open set U of X containing x such that f(U) C V. If f is v-Ps-continuous at
every point x in X, then f is said to be v-Ps-continuous.

Theorem 3.2 For a function f:(X,7) — (Y,0) and v be an operation on
T, the following statements are equivalent:

1. f is v-Ps-continuous.

2. f7YV) is y-Ps-open set in X, for every open set V in'Y.

3. f7UF) is y-Ps-closed set in X, for every closed set F in'Y.
4. f(1,-PsCl(A)) C CIU(f(A)), for every subset A of X.

5. 7,-PsCIl(f~1(B)) C f~Y(CU(B)), for every subset B of Y.

6. f~1(Int(B)) C 7,-PsInt(f~1(B)), for every subset B of Y.

7. Int(f(A)) C f(ry-PsInt(A)), for every subset A of X.
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Proof: (1) = (2) Let V be any open set in Y. We have to show that f=(V)
is 7-Ps-open set in X. Let x € f~1(V). Then f(x) € V. By (1), there exists a
v-Ps-open set U of X containing x such that f(U) C V. Which implies that
z €U C f~(V). Therefore, f~1(V) is v-Ps-open set in X.

(2) = (3). Let F be any closed set of Y. Then Y\ F is an open set of Y.
By (2), ffY(Y \ F) =X\ f}(F) is 7-Ps-open set in X and hence f~!(F) is
~v-Ps-closed set in X.

(3) = (4). Let A be any subset of X. Then f(A) C CI(f(A)) and
hence A C f~1(CI(f(A))). Since CI(f(A)) is closed set in Y. Then by (3)
we have f~1(CI(f(A))) is 7-Ps-closed set in X. Therefore, 7,-PsCl(A) C
FH(CI(F(A))). Hence f(r,-PsCI(A)) C CI(f(A)).

(4) = (5). Let B be any subset of Y. Then f~!(B) is a subset of X.
By (4), we have f(7,-PsCl(f~*(B))) C CI(f(f~(B))) = Cl(B). Hence 7,-
PsCI(f~(B)) C [ (CU(B)).

(5) < (6). Let B be any subset of Y. Then apply (5) to Y\ B we obtaln
R PSCIU (Y \ B)) € f~HCUY \ B))  -PsCIX \ ~(B)) € f=1(7 )
Int(B)) & X\ 7-PsInt(f~%(B)) C X \ f~'(Int(B)) < f~ 1(Imf(B)) C 7,-
PgInt(f~(B)). Therefore, f~*(Int(B)) C 7,-PsInt(f~'(B)).

(6) = (7). Let A be any subset of X. Then f(A) is a subset of Y. By (6),
we have f~1(Int(f(A))) C 7,-PsInt(f~'(f(A))) = 7,-PsInt(A). Therefore,
Int(f(A)) € f(r,PsInt(A)).

(7) = (1). Let 2 € X and let V be any open set of Y containing f(z). Then
r € f71(V) and f~1(V) is a subset of X. By (7), we have Int(f(f~*(V))) C
f(7-PsInt(f~*(V))). Then Int(V) C f(7,-PsInt(f~'(V))). Since V is an
openset. Then V' C f(7,-PsInt(f~'(V))) implies that f~*(V) C 7,-PsInt(f~(V)).
Therefore, f~1(V) is - Ps-open set in X which contains x and clearly f(f~1(V)) C
V. Hence f is 7-Ps-continuous function.

Theorem 3.3 Let f:(X,7) — (Y,0) be any function and v be an oper-
ation on 7. Then f is y-Ps-continuous if and only if 7,-PsBd(f~*(B)) C
f~YBd(B)), for each subset B of Y.

Proof: Let B be any subset of Y and f be a ~-Ps-continuous function.
Then by using Theorem 3.2 (2) and (5), we have f* (Bd(B)) = f~Y(Cl(B) \
Int(B)) = f~(CU(B))\ f~ (fnt( ) 2 7-PsCU(f~ ( D\ fTHUInt(B)) = 7
PyCU(f 1 (B)\1,-PsInt(f~ (Int(B))) 2 ,-PsCll(f " (B)\1,-PsInt(f 1 (B)) =
7,-PsBd(f~(B)). Hence 7,-PsBd(f~'(B)) C f~Y(Bd(B)).
Conversely, let G be any open set in Y. Then Y\ G is closed in Y. So by hy-

pothesis, we have 7.,-PsBd(f~(Y\G)) C f~}(Bd(Y\G)) C f~H{CUY\G)) =

“HY \ G). By Theorem 2.10 (5), 7-PsCI(f~' (Y \ G)) = 7,-PsInt(f~' (Y \
@) UT-PsBd(f~Y(Y \ G)) C f~*(Y \ G). Then f~ 1Y \ G) is 7-Ps-closed
set in X and hence f~!(G) is 7-Ps-open set in X. By Theorem 3.2, f is
~-Pg-continuous function.
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Theorem 3.4 Let f:(X,7) — (Y, 0) be any function and y be an operation
onT. Then f is y-Pg-continuous if and only if f(7,-PsD(A)) C CI(f(A)), for
each subset A of X.

Proof: Let f be a y-Ps-continuous function and A be any subset of X. Then
by Theorem 3.2 (4), we have f(7,-PsCl(A)) C CI(f(A)) and by Theorem
2.10 (4), f(r-PsD(A)) C f(r,-PsCl(A)) which implies that f(7,-PsD(A)) C
CI(f(A)).

Conversely, let F' be any closed set in Y. Then f~!(F) is subset of X.
By hypothesis, we have f(7,-PsD(f~*(F))) C Cl(f(f*(F))) = CI(F) = F
and hence 7.,-PsD(f~'(F)) C f~*(F). Then f~'(F) is y-Ps-closed set in X.
Therefore, by Theorem 3.2, f is y-Ps-continuous function.

Theorem 3.5 Let v be an operation on (X, 7). A function f:(X,7) —
(Y, o) is v-Ps-continuous if and only if for every x € X and for neighbourhood
O of Y such that f(z) € O, there ezists a vy-Pg-neighbourhood P of X such
that x € P and f(P) C O.

Proof: It is clear and hence it is omitted.

Theorem 3.6 Let vy be an operation on (X, 7). A function f:(X,7) —
(Y, 0) is y-Ps-continuous if and only if the inverse image of every neighbour-
hood of f(x) is v-Ps-neighbourhood of v € X.

Proof: The proof follows from Theorem 3.5.

Theorem 3.7 Let f:(X,7) — (Y,0) be a surjection function and y be an
operation on T, then the following statements are equivalent:

1. f is v-Pg-continuous.

2. f7X(Int(B)) C Int(Cl(f~(B))) and f~(Int(B)) = Uicr F; where F; is

v-semiclosed set in X, for every subset B in'Y .

3. Cl(Int(f~1(B))) € f~YCUB)) and f~H(CI(B)) = UierG; where Gy is
~v-semiopen set in X, for every subset B in'Y .

4. f(ClU(Int(A))) C CUf(A)) and f~HCI(f(A))) = UiesG; where G; is

~v-semiopen set in X, for every subset A in X.

5. Int(f(A)) C f(Int(CI(A))) and f~1(Int(f(A))) = UierF; where F; is

~v-semiclosed set in X, for every subset A in X.
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Proof: It is enough to proof (1) = (2) and (5) = (1) since the others are
obvious.

(1) = (2). Let B be any subset in Y. Then Int(B) is open set in
Y. Since f is v-Ps-continuous, then by Theorem 3.2, f~!(Int(B)) is 7-Ps-
open set in X. By Lemma 2.5, we obtain f~!(Int(B)) is y-preopen set in
X and f7'(Int(B)) = U;rF; where F; is 7y-semiclosed set in X, for ev-
ery subset B in Y. Therefore, f~!'(Int(B)) C Int(CI(f~'(Int(B)))) and
f7Y(Int(B)) = Uier F; where F; is y-semiclosed set in X. Thus f~'(Int(B)) C
Int(Cl(f~1(B))) and f~(Int(B)) = U F; where F; is y-semiclosed set in X.

(5) = (1). Let V be any open set in Y. Then f~!(V) is a subset of X. By
(5), we get Int(f(f=(V))) € f(Unt(CL(fH(V)))) and f~(Int(f(f7'(V)))) =
User F; where Fj is y-semiclosed set in X. Hence Int(V) C f(Int(CI(f~1(V))))
and f~'(Int(V)) = U;es F; where Fj is y-semiclosed set in X. This implies that
V C f(Int(CI(f~1(V)))) and f~(V) = U F; where F; is y-semiclosed set
in X and hence f~1(V) C Int(Cl(f~*(V))) and f~1(V) = Ui F; where F; is
y-semiclosed set in X. So f~(V) is y-preopen set in X and f~1(V) = U F}
where F} is y-semiclosed set in X. Therefore, by Lemma 2.5, f~*(V) is y-Ps-
open set in X and hence by Theorem 3.2, f is - Ps-continuous.

Remark 3.8 FEvery v-Pg-continuous function is y-precontinuous, but the
converse is not true as it is shown in the following example.

Example 3.9 Let X = {a,b, c} with the topologies T = {¢, X, {a}, {b}, {a, b}, {b,c}}
and o = {¢,{a}, {a,b}, X}. Define an operation v:7 — P(X) as follows: for
every A € T
A ifae A
7(4) = { Cl(A) ifag¢ A

Then Ty = {¢7 X, {a}’ {CL, b}7 {b’ C}}7 T’Y_PO(X) = {¢7 X, {CL}, {b}7 {CL, b}7 {CL, C}v {b7 C}}
and 7,-PsO(X) = {¢, X, {a},{a,c},{b,c}}. Let f:(X,7) — (X,0) be a func-
tion defined as follows: f(a) = ¢, f(b) = a and f(¢) = b. Then f is 7-
precontinuous, but it is not y-Ps-continuous since {a} € o, but f~'({a}) =

{b} ¢ 7-PsO(X).

Theorem 3.10 Let (X, 1) be v-semi-T) space and vy be an operation on
7. A function f:(X,7) — (Y,0) is y-Ps-continuous if and only if f is -
precontinuous.

Proof: This is an immediate consequence of Theorem 2.12 (2).

Theorem 3.11 A function f:(X,7) — (Y,0) with an operation v on T is
v-Pgs-continuous if and only if f is ~y-precontinuous and for each x € X and
each open set V' of Y containing f(z), there exists a y-semiclosed set F' in X
containing x such that f(F) C V.
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Proof: Let z € X and let V' be any open set of Y containing f(x). Since f is
~-Pg-continuous, there exists a y-Ps-open set U of X containing x such that
f(U) C V. Since U is v-Ps-open set. Then for each x € U, there exists a
v-semiclosed set F' of X such that x € F' C U. Therefore, we get f(F) C V.
And also since f is - Pg-continuous. Then f is v-precontinuous.

Conversely, let V' be any open set of Y. We have to show that f~1(V) is -
Ps-open set in X. Since f is y-precontinuous, then by Theorem 2.15, f~(V)
is y-preopen set in X. Let z € f~'(V). Then f(z) € V. By hypothesis,
there exists a 7-semiclosed set F' of X containing x such that f(F) C V.
Which implies that z € F C f~1(V). Therefore, by Definition 2.4, f~1(V) is
~v-Pgs-open set in X. Hence by Theorem 3.2, f is - Ps-continuous.

Theorem 3.12 If a function f:(X,7) — (Y,0) with an operation vy on T
15 v-Pg-continuous, then for each x € X and each open set V' of Y containing
f(z), there exists a y-semiclosed set F' in X such that x € F and f(F) C V.

Proof: Suppose f be a y-Ps-continuous function and let V' be any open set
of Y such that f(z) € V, for each x € X. Then there exists a 7-Ps-open set
U of X such that x € U and f(U) C V. Since U is y-Ps-open set. Then for
each x € U, there exists a ~y-semiclosed set F' of X such that x € FF C U.
Therefore, we have f(F) C V. This completes the proof.

Theorem 3.13 Let (X, 7) be y-reqular space and 7 be an operation on
7. A function f:(X,7) — (Y,0) is v-Ps-continuous if and only if f is Ps-
continuous.

Proof: This is an immediate consequence of Theorem 2.12 (1).

The following example shows that the relation between ~-Pg-continuous
function and 7-continuous function are independent in general.

Example 3.14 Let (X, 7) be a topological space and v be an operation on
T as in Example 3.9. Suppose that Y = {1,2,3} and 0 = {¢,Y,{2},{2,3}}
be a topology on Y. Let f:(X,7) — (Y,0) be a function defined as follows:
fla) = 2, f(b) = 3 and f(c) = 1. Then f is y-continuous, but it is not
v-Ps-continuous since {2,3} € o, but f~1({2,3}) = {a,b} ¢ 7,-PsO(X).

Example 3.15 Let (X, 7T) be a topological space and v be an operation on
T as in Example 3.9. Suppose that Y = {1,2,3} and 0 = {¢,Y,{1,3}} be
a topology on Y. Let f:(X,7) — (Y,0) be a function defined as follows:
fla) =1, f(b) =2 and f(c) = 3. Then f is v-Ps-continuous, but it is not
y-continuous since {1,3} € o, but f~1({1,3}) = {a,c} ¢ 7,.
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Theorem 3.16 Let f:(X,7) — (Y,0) be a function and let (X, 7) be -
locally indiscrete topological spaces and ~y be an operation on 7. Then f is
~v-Ps-continuous if and only if f is v-continuous.

Proof: This is an immediate consequence of Theorem 2.12 (3).

Theorem 3.17 For any operation v on 7 and f:(X,7) — (Y,0) be any
function, then: X \ 7,-PsC(f) = U{r,-PsBd(f~"(V)) : V is open in (Y,0)
such that f(x) € V for each x € X}, where 7,-PsC(f) denotes the set of
points at which f is v-Pg-continuous function.

Proof: Let x € 7,-PsC(f). Then there exists open set V in (Y, o) contain-
ing f(x) such that f(U) € V for every v-Pg-open set U of (X, 7) containing
. Hence UN X \ f7Y(V) # ¢ for every 7-Ps-open set U of (X,7) con-
taining x. Therefore, by Theorem 2.9, z € 7.,-PsCl(X \ f~*(V)). Then z €
V)N PsCUXN fH(V) © 7y PsCIF~ (V)7 PSCUX\ f(V)) = 7
PsBd(f~%(V)). Then X \ 7,-PsC(f) € U{r,-PsBd(f~*(V)) : V is open in
(Y, o) such that f(z) € V for each x € X}.

Conversely, let x ¢ X \ 7,-PsC(f). Then for each open set V in (Y,0)
containing f(z), f~(V') is y-Ps-open set of (X, 7) containing z. Hence x € 7,-
PsInt(f~*(V)) and hence x ¢ 7,-PsBd(f~*(V)) for every open set V in (Y, )
containing f(z). Therefore, X \ 7,-PsC(f) 2 U{r,-PsBd(f (V') : V is open
in (Y, 0) such that f(z) € V for each z € X}.

Theorem 3.18 Let v be an operation on the topological space (X, 7). If
the functions f:(X,7) — (Y,0) is v-Ps-continuous and g: (Y,0) — (Z, p) is
continuous. Then the composition function g o f:(X,7) — (Z,p) is v-Ps-
continuous.

Proof: Clear.

Proposition 3.19 Let vy be an operation on the topological space (X, 7). If
(X, 1) = (Y,0) is a function, g:(Y,0) — (Z,p) is open and injective, and
go f:(X,7) — (Z,p) is v-Ps-continuous. Then f is v-Pg-continuous.

Proof: Let V be an open subset of Y. Since g is open, g(V') is open sub-
set of Z. Since g o f is y-Ps-continuous and ¢ is injective, then f=1(V) =
g (g(V) = (go f)(g(V)) is 7-Ps-open in X, which proves that f is
~v-Pg-continuous.

Definition 3.20 A subset A of a topological space (X, T) with an operation
v on T is called y-y-Ps-open and T-y-Pg-open if T,-Int(A) = 7,-PsInt(A) and
Int(A) = 7,-PsInt(A), respectively.
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Lemma 3.21 Let A be any subset of a topological space (X, T) and v be an
operation on 7. Then the following statements are equivalent:

1. A is v-y-Ps-open and ~y-Ps-open.
2. A is y-y-Ps-open and ~y-open.
3. A is v-Pg-open and ~y-open.
Proof: Follows from Definition 3.20, Remark 2.1 (1) and Theorem 2.10 (1).

Lemma 3.22 Let A be any subset of a topological space (X, T) and v be an
operation on 7. Then the following statements are equivalent:

1. A is T-y-Ps-open and vy-Ps-open.
2. A is T-y-Ps-open and open.
3. A is v-Ps-open and open.

Proof: Follows from Definition 3.20 and Theorem 2.10 (1).

Proposition 3.23 In a vy-regular space (X, T), then the concept of v-vy-Ps-
open set and T-y-Ps-open set are equivalent.

Proof: The proof follows form Definition 3.20 and Remark 2.11.

Definition 3.24 Let (X,7) and (Y,0) be two topological spaces and v be
an operation on 7. A function f:(X,T) — (Y, 0) is called T-y-Ps-continuous
and ~y-y-Ps-continuous if for each open set V of Y, f~YV) is 7-y-Ps-open
and y-y-Ps-open sets in X, respectively.

Theorem 3.25 For a function f:(X,7) — (Y,0) and 7 be an operation on
T, the following statements are equivalent:

1. f is v-y-Ps-continuous and y-Pg-continuous.
2. f is y-y-Pg-continuous and ~y-continuous.

3. f is v-Ps-continuous and ~y-continuous.
Proof: The proof follows from Lemma 3.21.

Theorem 3.26 For a function f:(X,7) — (Y,0) and 7 be an operation on
T, the following statements are equivalent:

1. f is T-y-Ps-continuous and y-Ps-continuous.
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2. f is T-y-Ps-continuous and continuous.

3. f is v-Ps-continuous and continuous.
Proof: Follows from Lemma 3.22.

Theorem 3.27 Let (X, 1) be y-regular space and v be an operation on T.
Then a function f:(X,7) — (Y,0) is y-y-Ps-continuous if and only if f is
T-v-Ps-continuous.

Proof: This is an immediate consequence of Proposition 3.23.

4 [(-Ps-Open and (-Ps-Closed Functions

Definition 4.1 Let (X, 7) and (Y, o) be two topological spaces and [3 be an
operation on o. A function f:(X,7) — (Y,0) is called 3-Ps-open if for every
open set V of X, f(V) is 3-Ps-open set in'Y.

Definition 4.2 Let (X, 7) and (Y, 0) be two topological spaces and [3 be an
operation on o. A function f:(X,7) — (Y,0) called 3-Ps-closed if for every
closed set F' of X, f(F) is 3-Ps-closed set in'Y .

Theorem 4.3 Let 3 be an operation on (Y,0). A function f:(X,7) —
(Y, o) is B-Ps-open if and only if for every x € X and for every neighbourhood
N of z, there exists a [3-Pg-neighbourhood M of Y such that f(x) € M and
M C f(N).

Proof: Obvious.

Theorem 4.4 The following statements are equivalent for a function f: (X, 1) —
(Y, o) with an operation (3 on o:

1. f is B-Ps-open.

2. f(Int(A)) C o5-PsInt(f(A)), for every A C X.

3. Int(f~Y(B)) C f~(o4-PsInt(B)), for every BC Y.
4. [ (o-PsCI(B)) C CU(f(B)), for every BC Y.
5. 05-PsCI(f(A)) C f(CI(A)), for every A C X.

6. 04-PsD(f(A)) € F(CI(A)), for every A C X.

Proof: The proof is similar to Theorem 3.2.
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Remark 4.5 FEvery 3-Ps-open and (3-Ps-closed function is (3-preopen and
B-preclosed respectively, but the converse is not true as it is shown in the
following example.

Example 4.6 Let X = {a,b,c} with the topologies T = {¢,{c},{b,c}, X}
and o = {¢, X, {b},{a,c}}. Define an operation  on o by B(A) = A for all
A € o. Define f:(X,7) — (X,0) by f(a) =a, f(b) =c and f(c) =b. Then
f is both B-preopen and (B-preclosed, but f is not 3-Ps-open and (3-Pg-closed
function since {b,c} € 7 and {a} is closed set in (X, 7), but f({b,c}) = {a,c}
is not 3-Ps-open set in (X,0) and f({a}) = {a} is not 3-Ps-closed set in
(X, 0), respectively.

Theorem 4.7 Let (Y,0) be 3-semi-Ty space and (3 be an operation on o.
A function f: (X, 1) — (Y, 0) is f-Ps-open if and only if f is 5-preopen.

Proof: Follows from Theorem 2.12 (2).

Definition 4.8 Let (X, 7) and (Y, o) be two topological spaces and [3 be an
operation on o. A function f:(X,7) — (Y,0) is called B-open if for every
open set V of X, f(V) is B-open set in'Y .

Theorem 4.9 Let (Y, 0) be B-locally indiscrete topological spaces and (3 be
an operation on o. A function f:(X,7) — (Y,0) is B-Ps-open if and only if
f s B-open.

Proof: Follows from Theorem 2.12 (3).

Theorem 4.10 Let (Y, o) be a topological space and 3 be an operation on
o. A function f:(X,7) — (Y,0) is f-Pg-closed if and only if for each subset
S of Y and each open set O in X containing f~(S), there exists a 3-Ps-open
set R in'Y containing S such that f~'(R) C O.

Proof: Suppose that f is 3-Ps-closed function and let O be an open set in X
containing f~!(S), where S is any subset in Y. Then f(X \ O) is 3-Ps-open
set in Y. If we put R =Y \ f(X \ O). Then R is -Ps-closed set in Y such
that S C R and f~'(R) C O.

Conversely, let F' be closed set in X. Let S = Y \ f(F) C Y. Then
S7YS) € X\ Fand X \ F is open set in X. By hypothesis, there exists a
(-Ps-open set R in Y such that S=Y \ f(F) C Rand f~'(R) C X\ F. For
fHR) € X\ Fimplies R C f(X\F) CY\ f(F). Hence R =Y \ f(F).
Since R is -Ps-open set in Y. Then f(F') is $-Ps-closed set in Y. Therefore,
f is (- Ps-closed function.

Definition 4.11 A function f: (X, 1) — (Y, 0) is said to be ~y-Pg-homeomorphism,
if f is bijective, v-Ps-continuous and f~1 is v-Pg-continuous.
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Theorem 4.12 The following statements are equivalent for a bijective func-
tion f:(X,7) — (Y,0) with an operation [3 on o.

1. f is B-Pg-closed.

2. f is B-Pg-open.

3. f=1 is B-Pg-continuous.
Proof: It is clear.

Proposition 4.13 Let o be an operation on the topological space (Z, p). If
the function f:(X,7) — (Y,0) is open (resp., closed) and g: (Y,0) — (Z, p) is
a-Pg-open (resp., a-Ps-closed). Then the composition function go f: (X, 1) —
(Z, p) is a-Ps-open (resp., a-Ps-closed).

Proof: Obvious.

Proposition 4.14 Let § be an operation on the topological space (Y, o). If
g:(Y,0) — (Z,p) is a function, f: (X, 1) — (Y,0) is 5-Ps-open and surjective,
and go f:(X,7) — (Z,p) is continuous. Then g is vy-Ps-continuous.

Proof: Similar to Proposition 3.19.

Proposition 4.15 Let 5 be an operation on the topological space (Y, o). If
g: (Y,0) — (Z, p) is a function, f:(X,7) — (Y, 0) is continuous and surjective,
and go f:(X,7) — (Z,p) is B-Ps-open. Then g is 3-Ps-open.

Proof: Similar to Proposition 3.19.

Definition 4.16 Let (X,7) and (Y,0) be two topological spaces and 3 be
an operation on o. A function f: (X, 1) — (Y, 0) is called o-3-Ps-open and [3-
B-Ps-open if for every open set V of X, f(V') is o-3-Ps-open and (3-3-Ps-open
sets in Y, respectively.

Theorem 4.17 For a function f: (X,7) — (Y,0) and 3 be an operation on
o, the following statements are equivalent:

1. f is B-B-Ps-open (resp., B-3-Ps-closed) and (3-Ps-open (resp., [-Ps-
closed).

2. f is B-B-Ps-open (resp., -5-Ps-closed) and [B-open (resp., B-closed).
3. [ is B-Ps-open (resp., 3-Ps-closed) and [-open (resp., B-closed).

Proof: Follows from Lemma 3.21.
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Theorem 4.18 For a function f: (X, 1) — (Y,0) and 3 be an operation on
o, the following statements are equivalent:

1. f is o-f-Ps-open (resp., o-3-Ps-closed) and (3-Ps-open (resp., (-Ps-
closed).

2. f is 0-3-Ps-open (resp., o-3-Ps-closed) and open (resp., closed).
3. [ is B-Ps-open (resp., -Ps-closed) and open (resp., closed).
Proof: Follows from Lemma 3.22.

Theorem 4.19 Let (Y, 0) be B-regqular space and (3 be an operation on o.
Then a function f:(X,7) — (Y,0) is B-5-Ps-open (resp., [(-F-Ps-closed) if
and only if f is o--Ps-open (resp., o-3-Ps-closed).

Proof: This is an immediate consequence of Proposition 3.23.
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