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Abstract

In this paper, we get crucial estimates of fundamental sums that involve the number
of closed orbits of the Dyck shift. These estimates are given as the prime orbit
theorem, Mertens' orbit theorem, Meissel’s orbit theorem and Dirichlet series.
Different and more direct methods are used in the proofs without any complicated
theoretical discussions.
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1 Introduction
In number theory, the prime-counting function that gives the number of primes less than
or equal to x, for any real number x is denoted by 7 (x). The prime number theorem (PNT)

is the statement
7 (x) ~ x/ log(x). @

This means that

7 (x)
im ——— =
x—o00 x/log(x)

However, the following asymptotic formula for primes p:

1 e’
1(6-3)-i

p=x

where y = 0.5772... is Euler’s constant and x € R, is known as Mertens’ theorem of ana-

lytic number theory. The logarithmic equivalent of Mertens’ theorem is

1 1
Z — =loglogx + By + O(—),
p logx

p=x

and Mertens’ constant B; = 0.2614972128..., where f = O(g) means that f(x) is bounded
with respect to g(x) for all sufficiently large x.
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Also, as pointed out by Lindqvist and Peetre [1], Meissel considered the sum

1 1
> ~ =+ M, (3)
—p(np)* a

where M = lim, o ), }7 —In(Inx) ~ 0.2614972128.....
A Dirichlet series is the complex function defined on {z € C: Re(z) > 1} by the series

oo

a
@)=Y, (4)
n=1 h
where z and a,, are complex numbers, n =1,2,3,.... If a, = 1 for all n then the Dirichlet
series
=1
d(Z) = Z ;1
n=1

becomes the Riemann zeta function [2].

Let X be anon-empty setand 7 : X — X be a map. The pair (X, T) is said to be a dynami-
cal system. Many dynamical questions involve counting the number of closed orbits or the
periodic points under iteration of a map. A closed (periodic) orbit t of length |t| = n for a
continuous map 7 : X — X is a set of the form {x, Tx, T2x,..., T"'x} C X where T"x = x
for some x € X and n > 1.

Let T : X — X be a map, and define

Lr(m) = {xeX: [{T*®)}|,x =1}
Fr(n)={xeX:T"(x)=x} and

Or(n) = {r : T is a closed orbit of T of length |7| = n},

which are the set of points of least period # under T, the set of points of period » under
T, and the set of closed orbits of length » under T, respectively. The Mobius inversion
formula [3] is defined as follows. If f,g : N — C are two arithmetic functions satisfying

gn)=Y "fd) Vn,

d\n

then

Fln) = ZuG)g(d) Vi,

dln

where p(n) is the Mobius function. Let

Lr(n) = |L1(n)

, Fr(n)=|Fr(n)| and Or(n)=|Or(n)|.
It follows that

OT(I’I) = LT(I’I)/W



Alsharari et al. Journal of Inequalities and Applications (2015) 2015:372 Page 3 of 12

and

Fr(m) =Y _Lr(d).

din

Consequently

Fr(n) = _dOr(d),

dln

and hence, by the Mobius inversion formula,

1 n
Or(n) = — u(—)FT(d).
n dX‘n: d

Inspired by the functions of an algebraic variety over a finite field we are led to obtain
a kind of analogs between number theory and dynamical systems. Following the analogy
between closed orbits and prime numbers, the asymptotic behavior of expressions like

wr(N) =Y Or(n) (5)

n<N

may be viewed as a dynamical analog of the prime number theorem and a dynamical ana-
log of Mertens’ theorem concerns asymptotic estimates for expressions like

M =32 220, (©)

n<N

where % denotes the topological entropy of the map 7. Moreover, the dynamical analog
of Meissel’s theorem is given as an infinite sum of the form

oo
Z Or(n)
aphn’
~ n'e
asa— 0%,
Furthermore, the dynamical Dirichlet series associated to the map T : X — X is the
formal series of the form

dr(z) = Z OT(”),

n?
n=1

which alternatively can be expressed as

_ 1 i FT(I’I)
dr(@) = C(z+1) n2=1: el

where ¢ (z) is the dynamical zeta function given by

> F
tr@=expy #z”.
n=1
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The dynamical zeta function is introduced by [4] and based also on an analogy with the
number theory zeta functions attached to a function field over a finite field and is one of
the tools used in studying orbit-growth properties of maps.

Parry in [5] initiated a line of research which uses ideas and techniques of analytic num-
ber theory to attack problems of this nature. When X has a metric structure with respect
to which T is hyperbolic or a shift of finite type, results of Parry and Pollicott [6] and
Noorani [7] have shown a similar analogy between the number of closed orbits and the
prime number theorem. It has been shown that

SN+
wr(N) ~ ———

N(e"h-1)"
Sharp in [8] also obtained an analogy between the number of closed orbits and Mertens’
theorem for hyperbolic maps as follows:

Mr(N) ~logN + C;

for some constant C;.

Several orbit-counting results on the asymptotic behavior of both (5) and (6) for other
maps like quasihyperbolic toral automorphism (ergodic but not hyperbolic), can be found
for example in [9-11] and [12].

In this paper, analogs between the number of closed orbits of a shift of infinite type
called the Dyck shift and (1), (2), (3), and (4) have been obtained. Instead of using the
zeta function approach to prove our results, different and more direct methods are used
without any complicated theoretical discussion.

Authors in [13], have obtained analogs between the number of closed orbits of the Dyck
shift and only (1) and (2). However, later authors have explored a minor mistake in the
proof of the first theorem. In this note, we improve the minor mistake detected in the
proof of the first theorem, which yields a more correct estimate. We also obtain sharper
estimates for the second theorem in [13].

2 The Dyck shift

A complete introduction to the theory of symbolic dynamics can be found in [14]. Let A
be a finite alphabet. On AZ there acts the shift that sends the point (x;);cz € A? into the
point (x;,1);cz € A%. The dynamical systems that are given by the closed shift invariant
subsets of AZ, with the restriction of the shift acting on them, are called subshifts. These
are studied in symbolic dynamics. An element of A" will be called a word, or a block of
length n. A word of length 0 is called an empty word and denoted by ¢. The set of all finite
words with letters taken from A is the set A* = [ - A”. A word is called admissible for
the subshift X C A? if it appears somewhere in a point of X. Let X C A% and let B,(X)
denote the set of all admissible words of length 7 in X. Then the language of X is the
collection B(X) = 52, Bx(X). The topological entropy of a subshift X C .A% is given by

h(X) = lingoilog|BH(X)|.

Let A= {€1,£2,...,4p5,71,72,..., ). The alphabet consists of M pairs of matching left
and right delimiters or symbols. Let M be a monoid (with zero) with generators ¢;, r;,
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1 <i <M, and 1. The relations on the monoid are

Giory=1 ifi=jl<ij<M,
Liorj=0 ifi#jl<ij<M,
aol=loa=a, ac AU},
200=00a=0, ac AU},

000=0.
We use a mapping red() : A* — M such that for

w=wwyw, €AY (n>1),

redlw)=wyowyo---ow, and red(s)=1.
The Dyck shift Dy, [15] is defined by
Dy = {x € A% :if i < j,then red(x(;;)) #0},

where x(;j) = %% - - %1

When M =1, Dy is the full shift on two symbols; we will tacitly assume that M > 2. The
topological entropy of the Dyck shift Dy, is already computed as log(M + 1) in [15].

The number of points [16] in the Dyck shift D, having period # is given by

Fln) = 2{(M +1)" - ?:0 ()M} + (g)M% if n is even;

2((M + 1) = YV (M if n is odd.
3 Counting closed orbits
In this section, we first give a lower bound and an upper bound for the number of periodic
points of the Dyck shift and then apply such a result to obtain asymptotic formulas for the
dynamical analogs of the prime number theorem, Merten’s theorem, Meissel’s theorem,
and Dirichlet series.

Lemma 3.1 There exist constants 0 < ¢; <1 and ¢y > 1 such that the following inequality
holds for all n > 1:

aM+1)" <F(n) < (M +1)",
where F(n) denotes the number of periodic points in the Dyck shift.

Proof Assume that n is even. The case # is odd can be proved analogously. Note then first
that

(S

<7>M‘ <(M+1)" and ( )Mg < (M +1)".
i=0

i=

[STERN



Alsharari et al. Journal of Inequalities and Applications (2015) 2015:372

Therefore, we obtain

ey Zhe (M
F(n)=2(M +1) {1— M 1) +(M+1)"}
<3M+1)" forallm>1.

Also

n
2

Fin)= M+1"=3 ('Z)M + ('_7)1\/1
2

i=0

(SN

n i%:O (?)Ml

.% YYd
Estimating the term [1 - %] using the binomial theorem we obtain

L Lo ()
M1y T M ()ME 4 Xy, ()M

o ()M

Lo (M4 Xy ()M

=

We set

using the definition of the binomial coefficient it is easy to prove that

= or an l -1,
noic1) T \Zwisl YU==3

also
M+ > MZ(M%‘H) forany 0 <i < g -1,
and utilizing (9) and (10) we obtain
B, > M*(A,).
Applying inequality (11) to (8), we get

LM _ A A1
(M+1)" — A, +B, — A, + M2(A,) 1+M?

7)

8)

)

(10)
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hence, inequality (7) implies that

n 1 M2 n
Fln)> (M +1) (1—1+M2> = e

. 2
Thus, if we take ¢; = lfrww and ¢y = 3, then we are done. O

Theorem 3.2 (Prime orbit theorem) Let o : Dyy — Dy be the Dyck shift. Let w(N) =
> < Oc (n) be the number of closed orbits of o not exceeding N. Then there exist con-
stants Cy and Cy such that

(M + 1N M+ 1N
CIT = ;{Oa(”l) = CzT.

Proof For the sake of notation let us denote A = M + 1. First of all by using Lemma 3.1, we
would like to show that

c3F(N) < ) F(n) < caF(N). (12)
n<N

Indeed,

F(n) = E(N) (”) L& (N)N1 L__od p,.
D Fn 2N §X =D

n<N n<N

Similarly

an) F(N)ZF(N) —F(N).

n<N n<N

Now using (12) we prove the main theorem. Applying the Mébius inversion formula to

the functions F(n) and O(n), where O(#) is the number of closed orbits with length n, we

have
> 0.0 -3 0 S u( )
n<N ann din
Z > ( )F(d) +> lF(n).
n<N d\n,d<n n<N n

Subtracting the dominant terms, we obtain

< Z% > M(Z)F(d) <

n<N = d|nd<n

n A N
s )

30,00 -3 i)

n<N n<N
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To estimate the dominant terms, let K(N) = [N T 1. Then

YoEm- Y Em|s Y Em

n<N N-K(N)<n<N n<N-K(N)

CzA
< =
- Cl(A — 1)

Utilizing Lemma 3.1 we have

1 FN) [N pN—r) N
2 LFm=—m ) FN) N- )
N-K(N)<n<N L =0

A
N
Zi
z
1
=
Mz
o
2le
5 (—\
Nk
N
=1~
=
N——
N—
1

csANT A ((K(N))Z)]
< + Cy .

(F(N -K(N))).
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(14)

(15)

Therefore, summarizing (13), (14), and (15) and using K(N) < NT we get

ZO()< AN<1 N N 1)< AN
o) <cs— |1+ —/+—F+—= ) =c—.
= °N AN T UN) TN

(16)

Hence we have obtained an upper bound. To obtain the lower bound, first we estimate the

following sum for n > 8:

ZM(Z)F(d) D> u(g)F(d)w(l)F(n)
d\n,d<n

dn

d<|3] d<|%]

> C1An—cz(A +A2+...+AL%J)

n (A(ALSM-I_I))
CIA -G\ —————

A-1

L51+1 _
aar(1- (A4 DN\ S @y,
C1 AH(A - 1) 2

for all n > 8. Therefore, using (17) we obtain

> 0.0 =3 0 S u( )

n<N n<N din

1 Y1
D ZM(2>F(01) £y ZM(Z>F(d) =7 (7)+ 55

n=1 din n=8 dln

This, together with (16), proves the theorem.

Foy+ Y M(S)F(d)zF(n)— > F)

17)

1 AN
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Theorem 3.3 (Mertens orbit theorem) Let o : Dy — Dy be the Dyck shift and M(N) =

Y <N O”hn Then there exist constants Cs and Cy such that

O, (n)

CslogN < Z < CulogN.

n<N

Proof The dynamical Mertens theorem asserts that

> 2 =Y (G )@
dln

n<N n<N
1 n F(n)
Y 2 ()R X
n<N d\n,d<n n<N

First of all, we want to estimate the term

> ¥ ou(f )@,

n<N d|n,d<n

Note that
lum| <1 and Y Fd) < [g]p([gb
dind<n

for all natural numbers n. Hence by using Lemma 3.1 we get

N1 [n n NF(Y)
Lo [F(E) o2

Noq n
Z in K (_ ) F(d)
he d\n,d<n d

n=1 n=1 n=1
N n N
Alsl 1
<o Z o =@ Z ok = cg, (18)
n=1 n=1

since e" = A". Now

F(n)
Z neh” <c Z The logN+ C+ O( )) (19)
n<N
From (18) and (19), we can conclude that
(20)

O5 (n)
Z i <cg9logN.

n<N
For the lower bound, using again (17) and Lemma 3.1 we obtain

O, (n) 1 n
Z ehn = Z neh" M(3>F(d)
din

n<N n<N

DI MRS W MICIEE

n=
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C1 A" C1 1
> M(7) + — M7+ =32
M) 2 Z nAn @)+ 2 n
n=8 n=8
> C10 log N.
This and (20) complete the proof. d

Theorem 3.4 (Meissel’s orbit theorem) Let o : Dy; — Dy be the Dyck shift. Then there

exist constants Cs and Cg such that

forany k > 0.

Proof To prove this theorem we first estimate O(#). By using Lemma 3.1, we get

O(n) = Z ( )F(d <—ZF
I g A (A"
SCZ;ZA _A—1(7)' (21)

On the other hand, using equation (17), we obtain

O(n) = ZM< )F(d) > —<§) for n > 8. (22)

Equations (21) and (22) imply

o0 o0 o0
Oy (n) 0A A" A 1
Z e = A1 Z kg — A 1 Z ki1’ (23)
n=1 n=1 n=1
since ¢ = A”. Also
[ee] 7 o0
O, (Vl) Oy, (n) 1 1
Z nkehn = Z nkehn + E Z nk+l : (24)

n=1 n=1 n=8

To finish this, we use the following inequality:

> ® dx
Z S
xk+1 k+1 xk+l

Calculating the last integral and applying into (23) and (24) gives

> Cs
ij 6257 O
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A simple formula for the zeta function of the Dyck shift Dy, over 2M symbols has been
obtained by [17]. He showed that

2(1 ++/1-4Mz?)
(1-2Mz +/1-4MZ2)?

Co (Z) =

Keller proved this formula using the so-called circular codes. By circular codes we mean a
set C of finite sequences over a finite alphabet A such that each two-sided infinite periodic
sequence of letters from A has at most one decomposition into words from C.

Theorem 3.5 (Dirichlet series) There exist constants C; and Cg such that

G KA K0, CG
%(HDZnMSHZ; n SCG(Z+I)Z

n=1 n=1

A}’l
netl’

where A = M + 1 and ¢ (z) is the zeta function of the Dyck shift.

Proof By Lemma 3.1, we get

~ 1 2\ F, (n)
A = ) ZI: e

1 AT A3
o—|A+ —+ -0 ).
{(Z + 1) 2z+1 3z+1

Also

1 2\ F,(n)
d(z) mz s

n=1
1 A2 A3
zcl—§(z+1) A+ﬁ+3z+1+"' . |
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