Journal of Mathematics Research; Vol. 10, No. 1; February 2018
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

Korovkin Approximation Theorem with Q Striped

Malik Saad Al-Muhja*?, Mohammad Mursaleen®, Masnita Misiran®, Zurni B. Omar" & Sui Yang Khoo*

! Department of Mathematics and statistics, School of Quantitative Sciences, College of Arts and Sciences, Universiti
Utara Malaysia, 06010 Sintok, Kedah, Malaysia

2 Department of Mathematics and Computer Application, College of Sciences, University of Al-Muthanna, Samawa
66001, Iraq

® Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India
* Faculty of Science Engineering and Built Environment, Deakin University, Geelong VIC 3220, Australia

Correspondence: Malik Saad Al-Muhja, Department of Mathematics and statistics, School of Quantitative Sciences,
College of Arts and Sciences, Universiti Utara Malaysia, 06010 Sintok, Kedah, Malaysia.

Malik Saad Al-Muhja (malik@mu.edu.ig), Mohammad Mursaleem (mursaleen.mm@amu.ac.in)
Masnita Misiran (masnita@uum.edu.my), Zurni Omar (zurni@uum.edu.my),
Sui Yang Khoo (sui.khoo@deakin.edu.au)

Received: September 29, 2017  Accepted: October 17, 2017  Online Published: November 18, 2017
doi:10.5539/jmr.v10n1p20 URL.: https://doi.org/10.5539/jmr.v10n1p20

Abstract

In this paper, we discuss some theorem reached M. Mursaleen, there are several properties of statistical lacunary
summability presented (Mursaleen, M. & Alotaibi, A., 2011; Mursaleen, M. & Alotaibi, A., 2011; Edely, O. H. &
Mursaleen, M., 2009). This is concerned the motivate to narrowly delineated context denoted by Q striped usage in
prove our theorem (theorem A). We introduce some piecewise polynomial functions (Kopotun, K. A., 2006) and some
results Korovkin theorem.

Keywords: Piecewise polynomial functions, Statistical lacunary summability, Strongly 6,-convergent, Korovkin type
theorem
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1. Introduction and Main Results

The aim of this paper a completed the striped used in many area of Korovkin theorem (Mursaleen, M. & Alotaibi, A.,
2011; Al-Muhja, M., 2015).

We will need accept the following:
Let K € N.Then 64(K) = limrhi [{k,_, <i<k,:i€K}| issaidtobe 6—density of K.

Definition 1.1 (Fridy, J. A. & Orhan, C., 1993) A sequence x = (x;) is said to be lacunary statistically convergent to L,
if for every € > 0, the set K, := {k € N:|x,, — L| = €} has 6-density zero, i.e. 64(K.) = 0. In this case we write
Sg —limx = L. That is, lim, |{k,_; <i <k, |x, — L] =¢€}| =0. In this case we write Sy — lim; x; = L, and we
denote the set of all lacunary statistically convergent sequence by Sy.

Definition 1.2 (Mursaleen, M. & Alotaibi, A., 2011) Let h = (h,.) be a non-decreasing sequence of positive numbers
tending to oo such that h,,, < h, + 1, x; = 0. The generalized de la Vallee-Poussin mean is defined by t,.(x) =

hiTZjEIr x; where I, = [r —h, + 1,7].

Definition 1.3 (Mursaleen, M. & Alotaibi, A., 2011) A sequence x = (x;) is said to be &-summable to L, if
lim, t,.(x) = L.

Definition 1.4 (Mursaleen, M. & Alotaibi, A., 2011) Asequence x = (x;) is said to be statistically lacunary summable
(or statistically 8-summable) to L, if for every € > 0, the set K.: = {r € N: |t,.(x) — L| = €} has natural density zero,

20


malik@mu.edu.iq
mursaleen.mm@amu.ac.in
mailto:masnita@uum.edu.my
mailto:zurni@uum.edu.my
mailto:sui.khoo@deakin.edu.au

http://jmr.ccsenet.org Journal of Mathematics Research \ol. 10, No. 1; 2018

i.e., 8(K.(6)) = 0. That is, limn% [{r <n:|t.(x) —L| = €}| = 0. In this case we write S, — limx = L. We denote

the set of all statistically lacunary summable sequences by 8.

Definition 1.5 (Mursaleen, M. & Alotaibi, A., 2011) A sequence x = (x,) is said to be strongly 6,-convergent
(0 < g < o) to the limit L, if limrhirzje,r|xj —L|" = 0, and we write it as x, - L[Cy],. In this case L is called the

[Colq-limit of x. We denote the set of all strongly 6,-convergent sequences by L[Cg],.
Let S,-(z,) be the space of all piecewise polynomial functions of degree r (order r + 1 ), with the knots

Zn = (2)jeg—1=20<2, <<z, 1 <z,=1 @
Definition 1.6 (Al-Muhja, M., 2015) A spline s in G,/{I.} is said to be homogeneous of degree 1 € R if soy, = s
for T > 0.

Definition 1.7 (Al-Muhja, M., 2015) A distribution o on G, is said to be homogeneous of degree A if
(o, (T_Z?=1di) soy,_1) =1Xo,s), for s € G, d; € R, n €N and t > 0.

Definition 1.8 (Al-Muhja, M., 2015) A linear differential operator Y on G, is said to be homogeneous of degree A if
Y(soy,) = t*(Ys) oy,, forany s € G, and 7 > 0.

Lemma 1.9 (Al-Muhja, M., 2015) Let A = (ajn) be nonnegative regular summability matrix. For all s € G;/{I,},
satisfied ((Al-Muhja, M., 2015) equation (3)), and ¥; a sequence of positive linear operators, we have Y;: G;/{l.} -
G,/{I.}, homogeneous group.

Theorem 1.10 (Al-Muhja, M., 2015) Let A = (ajn) be nonnegative regular summability matrix, and let ¥; be a
sequence of positive linear operators from §,.(z,) into S,.(z,). Then for all s € §,.(z,), we have

st — lim; Yoy ajp “Y]-‘(Gs; D= GSH =0,

Sr(zn) -

if and only if ses,=1, Gy(so7) =1 , Gs(sov)=soy,_4, 3 5,T,U €Gg; i =012 ; such that st —

lim; 5y ajp ||%(Ggi;.) — GSi”Sr(zn) =0;i=0,12,and Gy isasubgroup from G, ; i = 0,1,2.

Theorem 1.11 (Al-Muhja, M., 2015) If (z,;){2, is defined by (1), then there existsaset I = {z,0 < zp1 < *** < Zpm <
-} €N, such that §,(3) = 1 and ¥; homogeneous group if and only if a sequence ¥ = (15) is lacunary statistically
convergence to L.

Now, we present the following result:

Theorem A If (z,;)i2, is defined by (1), then there exists a set I = {z,,0 < Zp1 < *** < Zpm < -+ } € N, such that
6(3) =1 and a sequence Y = (};) is bounded statistically lacunary summable to L if and only if it is strongly
6,-convergence to L.

2. Proof of Theorem A and Concluding
In this section, we want the prove Theorem A, in order to get the installed results in figure 1, it is called Q striped.

Firstly (Freedman, A. R. & Sember, J. J., 1981), we recall the strong convergence fields of various summability methods.
In recent years, using statistical A-summability, Riesz’s functional supremum formula via statistical limit and Rouche's
sequence is B-statistical A-summability (Edely, O. H., & Mursaleen, M., 2009; Al-Muhja, M., 2014; Al-Muhja, M.,
Khrajan, M. & Abdul Hussein, H. J., 2015).
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Figure 1. Statistically lacunary summability (SLS) and it is called Q striped. There are new results for Korovkin theorem.

Now, we prove our theorem:

Proof of Theorem A. Assume that ¥ = (¥;) is bounded strongly 6,-convergent to limit L, since ¥ = (¥;) is lacunary
statistically convergentto L (Fridy, J. A. & Orhan, C., 1993), |mpI|cat|on Y = (Y) is statistically lacunary summable to
L.

Now, assume that ¥ = (}g) is statistically lacunary summable to L, then |t,.(x) — L| - 0. Hence,

hirzje,r|x]- —-L|< hiije,ij —L|%, ((Al-Muhja, M. & Bhaya, E. S., 2010), theorem 2.4), the inquality become:

q

> (- 12 L
< X; =|— ) x—
h, i [y

JEIr JElr
=|t.(x) — L|?7 - 0, as r - oo, see Definition 1.2, t,.(x) is mean the generalized de la Valle-Poussin.

Hence x;, — L[Cyl,. This is a complete proof.

Corollary B. A sequence Y = (Yj) is bounded strongly 6,-convergence to L if and only if there exists a set 3 =
{Zno < Zp1 <+ < Zpy <} E N, such that §4(I) = 1 and ¥; homogeneous group.
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Proof. Suppose ¥ = (Y,) is bounded strongly 6,-convergence to L. Then from (Mursaleen, M. & Alotaibi, A., 2011,
Theorem 2.2) and theorem 1.11, we have Figure 2. (a). Now, assume that ¥; homogeneous group. Then from theorem
1.11, (Mursaleen, M. & Alotaibi, A., 2011; Theorem 2.1) and Theorem A, we have Figure 2. (b). This is a complete
proof. O

Strongly 6,- Lacunary Statistically Y; Homogeneous

Convergent Convergent Group
(a)
Y; Homogeneous Lacunary Statistically Statistically Lacunary Strongly 6,-
Group Convergent Summable Convergent
(b)

Figure 2. Proof of Corollary B

Corollary C. Asequence Y = (1@) is statistically lacunary summable to L if and only if ¥; homogeneous group.

Proof. Suppose ¥ = (lf,) is statistically lacunary summable to L. Then from Theorem A and Corollary B (first
condition), we have Figure 3. (). Now, assume that ¥; homogeneous group. Then from theorem 1.11 and (Mursaleen,
M. & Alotaibi, A., 2011; Theorem 2.1), we have Figure 3. (b). This is a complete proof. O
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Figure 3. Proof of Corollary C
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Foran ¥ = (¥) sequence is bounded. The following conditions are equivalent:

(SLS 1) Statistically lacunary summable to L.

(SLS 2) Aset I = {20 < Zyy <" < Zpyy < -} €N, suchthat §,(F) =1 and 6 —limx,, = L.
(SLS 3) Y; homogeneous group.

(SLS 4) Strongly 6,-convergence to L.

(SLS 5) Lacunary statistically convergence to L.
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