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Abstract

In many statistical process control (SPC) applications, the ease of use of control charts leads to
ignoring the fact that the process population of the quality characteristic being measured may be
highly skewed. However, in many situations, the normality assumption is usually violated. Among
the recent heuristic charts for skewed distributions proposed in the literature are those based on
the weighted standard deviation (WSD) method. Thus, this paper compares the performances of
certain WSD charts, such as WSD—X = WSD Exponential weighted moving Average (WSD-
EWMA) and WSD Cumulative Sum (WSD-CUSUM) charts for skewed distributions. The skewed
distributions being considered are weibull, gamma and lognormal. The false alarm and mean
shift detection rates were computed so as to evaluate the performances of the WSD charts. The
WSD—X chart was found to have the lowest false alarm rate in cases of known and unknown
parameters. Moreover, when parameters are known and unknown, the WSD-CUSUM provided
the highest mean shift detection rates. The chart with the lowest false alarm and the highest mean

shift detection rates for most level of skewness and sample size, n is assumed to be have a better
performance.

Keywords: Control charts, Skewed Distributions, Weighted Standard Deviations, WSD- X ,
WSD-EWMA, WSD-CUSUM
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1. INTRODUCTION

A control chart is a time sequence plot with “decision lines” added. The decision lines are
the lower control limit (LCL), the center line (CL) and the upper control limit (UCL). These
decision lines are chosen so that an out-of-control signal can be identified (Ryan, 2000). As long
as all the sample points plot within the control limits, a process is assumed to be in-control and no
action is necessary. However, sample points that plot beyond the control limits indicate that a
process is out-of-control and investigations and corrective actions are required to find and remove
the assignable causes responsible for this behavior.

The sample points on a control chart are usually connected with straight-line segments so
that it is easier to visualize how the sequence of points has evolved overtime (Montgomery,
2005). The most common univariate variables control charting techniques used in the monitoring

of shifts in the process mean are the Shewhart X , cumulative sum (CUSUM) and exponentially
weighted moving average (EWMA). The X chart is quick in detecting large shifts, while both the
CUSUM and EWMA charts are sensitive to small shifts.

These control charting techniques i.e. the X, EWMA and CUSUM all depend on the
assumption that the distribution of a quality characteristic is normal or approximately normal.
When the underlying distribution is non-normal, three approaches are presently employed to deal
with this problem. The first approach is to increase the sample size until the sample mean is
approximately normally distributed. The second approach is to transform the original data so that
the transformed data have an approximate normal distribution. The third approach is to use
heuristic methods to design the control charts (Bai and Choi, 1995). In consequence, Chang and
Bai (2001) proposed a heuristic method for constructing the WSD- X WSD-EWMA and WSD-
CUSUM charts for skewed distributions.

Subsequently, this paper, comparison between X  EWMA and CUSUM control charts
are made using weighted standard deviation (WSD) method for skewed distributions, to study
their performances in term of false alarm and mean shift detection rates. This paper is organized
as follows:

Section 2 explains the weighted standard deviation method, Sections 3, 4 and 5 discuss the WSD—
X , WSD-EWMA and WSD-CUSUM charts, respectively. Section 6 compares the performances

of the three types of charts for skewed distributions. Finally, conclusions are drawn in Section 7.

2.  WEIGHTED STANDARD DEVIATION METHOD

The basic idea of the weighted standard deviations (WSD) method is that a skewed distribution
can be splitted into two segments at its mean, where each segment is used to create a new
symmetric distribution. The two new distributions created from the original skewed distribution
would have the same mean but different standard deviations.

The WSD method uses the two created symmetric distributions to set the limits of the
WSD control charts. Specifically, one of the two new distributions is used to compute the upper
control limit, while the other is used to compute the lower control limit of the WSD chart. Hence,

when we use the WSD method, the control limits of the WSD —X and WSD-EWMA charts are
set using multiples of (2P;)o, and [2 (I—PX)] o, for the upper and lower control limits,

respectively, while the control limits of the WSD-CUSUM chart uses 1/ [2 Py)o ] and 1/ ([2
(l - P, )] o, ) Here, P, = P(X <u X) is the probability that the random variable X is less than
or equal to its mean. However, in practice , P, and process parameters must be estimated. Since

P, is the probability that X will be less than or equal to 4, , P, can be estimated by using the
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— iif()?—)(g)

number of observations less than or equal to X, P, =-—/2

, where m and n are

mxn
the number of samples in the preliminary data set and the sample size, respectively, and /(x) = 1 if

x 20 or I/(x) = 0, otherwise. Note also that, X denotes the sample grand mean.

3. WSD-X CHART

The limits of the WSD— X chart (Chang and Bai, 2001) are
c
UCL__ - =p, +3-X(2P,) (la)

WSD-X \/;
and LCL._ — =p, -32£[2(1-P, ), (1a)

WSD-X Hx \/;

when parameters are known, and

UCL,, . =X +3dzm+n(2z§{ ) (2a)
And LCL,, - =X —3W[2(1—1§( ). (2b)

when parameters are unknown. Here, X and R denote the sample grand mean and the average
sample range, respectively, computed from a preliminary data set assumed to be in-control, and

d,"* =P,d,(2n(1-P, ))+(1-P, ) d,(2nP, ), 3)

where d, (n) is factors for center line for the normal distribution when the sample size is n. See
(Montgomery, 2005).

4. WSD-EWMA CHART

The WSD-EWMA chart statistics (Chang and Bai, 2001) is
E =X, +(1-L)E,_, fori=1,2, ... (4)

where A (0 <X < 1) is a smoothing constant and £, = [, . The limits of the WSD-EWMA chart

are
UCL yysp-pwma =My + KL \/ 2P (5a)
and LCL oo = / [2 1-P,) (5b)

where the selection of A and K is based on the approach dlscussed by Lucas and Saccucci (1990).
An out-of-control signal is issued by the WSD-EWMA chart at time i when E, > UCL yp rwmia

or E; <LCLygp pwuia -
If parameters are unknown, the control limits of the WSD-EWMA chart are as follows:

UCLysp-pwma = )=( +K X /T (2 st) (6a)

A n N2 -2
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-K R_[» [2 (1-PX)]. (6b)

d;VSD\/;VQ’_)\I

>l

and UCLysp-pwma =

5. WSD-CUSUM CHART

The charting statistics for the WSD—CUSUM chart (Chang and Bai, 2001) are

C;N,SI.D = max{O, CXS[]: +(Z[>V’S[D —VXSD)} ,fori=1,2, ... (7a)
and € =min{0, C"5, +(Z"P +y) )} fori=1,2, .. (7b)

where Cx 0= CXISD = 0, while the standardized statistics are

X —u
ZWP =i X (8a)
© 2Py /Nn
¥
and ZP = L ¢ . (8b)
“2(1-P)oy Vn
The reference values are
)
WSD
— 9a
Yu 4P, (%a)
and v = L . (9b)
4(1-P,)

Here, 0 is the magnitude of a shift in the mean, in multiples of standard deviation of the sample
mean, where a quick detection is required. An out-of-control signal is given at time, i, if

C[\X ?D > h or CLWIS P <—h , where £ is selected to give a desired in-control ARL (Chang and Bai,

2001).
When parameters are unknown, the WSD—CUSUM control chart statistics are also

computed using Equations (7a) and (7b) but the standardized statistics, ZL\Z/ Sl.D and ZLV’VZS.D are

computed as

AREE = (10a)
’ Ay R
(28{ ) WSD
2
Jn (X, -X )
and zZ"P = L (10b)
2(1- é( \]’ESD
d,
respectively. The reference values are computed using the following formulae:
)
WSD
7P =— (11a)
Y 4P,
and AR LA ) (11b)
4@—&)
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6. COMPARISON OF PERFORMANCES OF CONTROL CHARTS FOR SKEWED
DISTRIBUTIONS

This section discusses the performances of X, EWMA and CUSUM control charts for skewed
distributions. The skewed distributions considered in this analysis are weibull, gamma and
lognormal. The simulation studies of the WSD charts are conducted using SAS program version
9. Generally, all WSD charts for skewed distributions being considered are compared based on
skewness coefficients of @; = {0.5, 1, 1.5, 2. 2.5, 3 } , sample size, are n = {4, 7, 10 } and
magnitude of shit 6 = {0.25, 0.50, 1, 1.5, 2 }.

Tables 1 and 2 present the false alarm rates of the three WSD charts for skewed
distributions for known and unknown parameters respectively. Table 1 shows that the false alarm
rates of the three WSD charts for skewed distributions increase as the level of skewness
coefficient increases, except that some cases of the WSD-CUSUM decrease when the sample
size, n = 4. In general, Table 1 shows that the false alarm rates of WSD charts increase when
sample size, n increases, except for some cases of the WSD— X chart with gamma distribution,
where they decrease. Overall, among all the three WSD charts, lower false alarm rates were

provided by WSD— X chart, except for some cases when sample size, n = 4. In addition, WSD-
CUSUM has lower false alarm rates than that of the WSD— X chart and WSD-EWMA.
Subsequently, Table 2 shows that when the level of skewness increases the false alarm
rates of the three WSD charts also increase. Note also that in general, the false alarm rates of the
three WSD charts decrease when sample size, n increases. Overall, Table 2 shows that the WSD—

X chart presented the lowest false alarm rates, while WSD- EWMA has the highest false alarm
rates, for various level of the skewness coefficient and sample size, n .
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On other hand, Table 3 and 4 provide the mean shift detection rates of WSD charts for skewed
distributions for known and unknown parameters, respectively. The results in Tables 3 and 4 show
that the mean shift detection rates of all three WSD charts decrease as the level of skewness
decreases. Note also that the mean shift detection rates increase as the sample size, n increases. In
general, among all the three WSD charts for skewed distributions, the WSD-CUSUM chart has higher
mean shift detection rates when &= 0.25, 0.50, 1 and 1.5. The exception is for some cases when
sample size, n = 4, the WSD—X provided higher mean shift detection rates when & = 1.5 and 2. In
general, the WSD-CUSM chart has the highest mean shift detection rates when & = 0.25, 0.50, 1 and
1.5, while the WSD— X chart provided the lowest, when the same level of skewness, sample size, n
and the underlying distributions were considered.
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7. CONCLUSIONS

In many situations, the normality assumption is usually violated. For example, the distributions of
measurements from chemical and semiconductor processes are often skewed. However, if the
normality assumption is violated it leads to erroneous conclusion. Hence, we are able to analyze

three control charts for skewed distributions namely, WSD—}, WSD-EWMA and WSD-

CUSUM charts using (WSD) method. In this comparisons analysis, the WSD— X chart was
found to have the lowest false alarm rates for various level of skewness and sample sizes, when
parameters are known and unknown. In term of the mean shift detection rates, when parameters
are known and unknown, the WSD-CUSUM provides the higher mean shift detection rate among
all charts that considered various levels of skewness and sample sizes. In conclusion, this study
would help practitioners in deciding which type of chart to be used in process of monitoring as
part of quality control procedures.

REFERENCES

[1] Bai, D. S. and Choi, I. S., “ X and R control charts for skewed populations”, Journal of Quality Technology,
27,1995, pp 120 — 131.

[2] Chang, Y. S. and Bai, D. S., “Control charts for positively-skewed populations with weighted standard
deviations”, Quality and Reliability Engineering International, 17, 2001, pp 397 — 406.

[3] Lucas, J.M. and Saccucci, M. S., “Exponentially weighted moving average control schemes: properties and
enhancements”, Technometrics, 32, 1990, pp 1 — 12.

[4] Montgomery, D.C., “Introduction to Statistical Quality Control ”, (5" edition). John Wiley & Sons, Inc., New
York, 2005.

[5] Ryan, T. P., “Statistical Methods for Quality Improvement”, ( 2nd edition). John Wiley & Sons, Inc., New
York, 2000.

88



	Compile journals fina2l.pdf



