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ABSTRACT. In this paper, we studied a two member family of diagonal con­
jugate gradient like methods for unconstrained minimization problems. The 
proposed search directions of the methods are obtained by incorporating a di­
agonal Hessian approximation approach with the modifications of the Polak­
Ribiere-Polyak and Liu-Storey parameters. The resulting directions guarantees 
the sufficient decrease of the objective function free from any line search. The 
global convergence of the proposed methods using both the Wolfe and Armijo­
type line search conditions without the convexity assumption on the function 
is provided. Furthermore, the R-linear convergence rate of the methods are 
analyzed under Wolfe line search condition. Numerical experiments demon­
strated the performance of the method on general unconstrained minimization 
problems and image restoration problem. 

1. Introduction. Two diagonal conjugate gradient like ( deg) approaches for the 
solution of unconstrained minimization problem are proposed. Nonlinear conjugate 
gradient (CG) methods are class of matrix-free approach for solving large-scale un­
constrained minimization problem. Among the classical nonlinear CG parameters 
are the Hestenes-Stiefel (HS) [18], Fletcher-Reeves (FR) [15], Polak-Ribiere-Polyak 
(PRP) [25, 26], Liu-Storey (LS) [21], Dai-Yuan (DY) [10], and conjugate descent 
(CD) [14]. The HS, PRP, and LS methods are characterized by efficient numeri­
cal performance for unconstrained optimization problems, however, some of these 
methods fails to converge under certain line search procedure. On the other hand, 
the FR, DY, and CD algorithms possess good convergence properties, but, perform 
poorly on unconstrained optimization problems due to jamming phenomena [17]. 
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Recently, numerous studies have investigated different modifications of the classi­
cal methods. Yuan et al. [32] studied the performance of the PRP method using a 
modified weak Wolfe line search. Just recently, Yuan et al. [33] presented a modified 
PRP CG method for unconstrained optimization and its application in engineering 
Muskingum model and image restoration problems. Other modifications of these 
methods are presented in [1, 19, 22, 34, 36]. The study on the theoretical analysis 
of the CG methods is available in the following articles [3, 8- 10, 16, 27]. Interested 
reader may also refer to the [6, 11, 17] for excellent reviews on this topic. 

Dong et al. [13] presented a general form of the descent CG methods, and also 
classify the nonlinear CG methods into two categories. The first category consist 
of PRP, HS and LS CG methods, while the other category consist of FR, CD and 
DY CG methods. Lately, Mohammad and Santos [23] devised a diagonal Hessian 
approximation approach for solving the nonlinear least-squares (NLS) problems, a 
special kind of unconstrained minimization problem. Motivated by the development 
of the diagonal Hessian approach for general unconstrained minimization problem, 
this paper incorporate the first category of the conjugate gradient methods of Dong 
et al. [13] with the diagonal approximation approach presented in [23], to study the 
diagonal CG-like methods for solving unconstrained minimization problems. This 
approach may be considered as a preconditioned technique for nonlinear conjugate 
gradient method, where the preconditioner in this case is a safeguarded diagonal 
matrix. The contributions of this paper can be summarized as follows: 

• Proposing two new diagonal conjugate gradient methods for solving large-scale 
unconstrained minimization problems. 

• Combining the PRP and LS nonlinear conjugate gradient methods with a diag­
onal Hessian approximation approach to form the diagonal conjugate gradient 
methods. 

• Showing that the proposed methods generate descent search directions irre­
spective of line search restrictions. 

• Showing that if the exact line search is used, the proposed direction satisfy 
the conjugacy condition provided the diagonal matrix associated with the 
direction is a constant multiple of identity. 

• Establishing the global convergence of the proposed methods using both the 
conditions of Wolfe and Armijo-type line search. 

• Presenting the linear rate of convergence of the proposed methods under the 
Wolfe line search assuming convexity of the objective function. 

The outstanding part of this paper is organized as follows: In Sec. 2 we discussed the 
derivation process of the proposed methods. In section 3, we analyze the global con­
vergence of the proposed methods using both Wolfe and Armijo-type line searches. 
In section 4, we analyze the convergence rate of the methods using Wolfe line search. 
In section 5, we present some numerical results including the application of the pro­
posed methods on image restoration problems. Conclusions are given in the last 
section. Throughout this paper, unless stated otherwise, the following notations 
II · II would denote the induced matrix norm and the vector Euclidean norm. 

2. Algorithm. Consider the nonlinear unconstrained optimization problem of the 
form 

min J(x), f: !Rn-+ JR, 
xE~n 

(1) 
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with f being a smooth mapping. Given an initial vector x 0 E ~n , the conjugate 
gradient (CG) methods produce a sequence of iterates {xk} and {dk} via 

{
-gk , k=0; 

dk := 
-gk + f3kdk-1, k 2 1, 

(2) 

(3) 

where ak is a steplength computed by a suitable line search procedure, 9k = v' f (xk) 
is the gradient off at Xk, and f3k is a scalar usually referred as the CG parameter. 
Usually, the direction dk given in (3) is required to satisfy the sufficient descent 
condition, that is there exists c > 0 such that 

g'f dk :S -cll9k 11 2. 

In addition, the direction is required to satisfy the conjugacy condition 

d[ Yk-1 = 0, (4) 

or the Dai-Liao [7] generalized conjugacy condition 

dT T k Yk - 1 = -rgk Bk- 1, 

where Yk-1 = 9k - 9k-I, Bk-I= Xk - Xk-l and r 2 0 is a scalar. 
In an attempt to develop nonlinear CG methods that possess the descent property 

without requiring any line search condition, Dong et al. [13] proposed a general form 
of CG-like parameter f3k with the generated search direction dk satisfying 

(5) 

1 
where tis a positive scalar greater than 4. The generalized CG-like parameter by 

Dong et al. is given as 

(6) 

where f3k is any choice of the CG parameter. We stress that by this choice of i]k, 
the sufficient descent property is satisfied irrespective of the given parameter f3k-

Indeed, if max{ 0, f3k - t 9f9~1p1 /3~} -/- 0, then 

T 2 -
9k dk = -ll9kll + f3kdk-1 

II 112 ( g'f dk-1 2) T 
= - 9k + f3k - t ll9kll2 /3k gk dk-1 

2 1 2 ( 1 2 T (g'f dk-1)2 2) 
= -ll9kll + 4tll9kll + - 4tll9kll +f3kgkdk-1-t ll9kll2 /3k (7) 

By applying the inequality 2xy :S x2 +y2 to the fourth term of (7) with x = 21 ll9k II 

and y = v't/3k 9fi::~ 1 , we get (5). 
In this work, we follow the idea of Dong et al. [13] which considers developing CG­

like methods that possess the sufficient descent property and proposed alternative 
diagonal CG-like methods based on the generalized CG parameter (6), incorporating 
a diagonal matrix to the term -gk in (3). Our proposed direction is obtain without 
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necessary requiring the conjugacy condition ( 4). The proposed diagonal CG-like 
search direction for solving (1) is as follows: 

with Q0 = In, Qk is a positive definite diagonal matrix given by 

Qk := diag(ql;, qt --. , qk ) , 

here, In is a diagonal matrix of order n, and i = 1, 2, . .. n. 

(8) 

(9) 

(10) 

Furthermore, to ensure the boundedness of the diagonal components of Qk, we 
project its components into the given interval [£, u], with 0 < £ < 1 ::; u. Therefore, 
the ith component of Qk is 

_ { max { min { :t=: , u} , £} , 
q'ic := 

1, 

if Yk-l =/- 0 

if YL1 = 0. 

For each i and k, the sequence { qi} of the diagonal matrix Qk is uniformly bounded. 
Clearly, it follows that 

(11) 

The CG-like parameter °iJk, is given by any one of f3f PRP or f3fLS modified as 
follows: 

(12) 

t3DLS ·= {o gf Yk-l _ tgf dk-l ( gf Yk-l ) 2
} 

k · max '-gf_ 1dk-l ll9kll 2 gf_1dk-l · 
(13) 

The lemma that follows show the direction dk possesses the sufficient descent prop­
erties irrespective of the CG parameter f3k and without any line search condition. 

Lemma 2.1. Let the sequence {xk}, {dk} be obtained via (2) and (8). Then, there 
exists l ::; u < 4t such that 

(14) 

Proof. For k = 0, it follows that 

g'{; do= -g'{;Qogo = -ll9oll 2 -
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For k ~ l, we consider two cases: 

Case (i) If max{ 0, f3k - t 9f9~1121 (3~} = 0 then 

9k dk = -gf Qkgk 

=gfdiag(- \ , - 1
2 , ... ,- ~)gk 

qk qk qk 

:S: gf diag(-.!_, _.!_, ... , _.!_)gk 
u u u 

= _I_ll9kll 2 -
u 

with the first inequality following from (11). 

C ( .• ) If {o /3 tg'f dk-1132}- f3 tg'f dk-1132 th ase n max , k - 7fg,;'[j'2 k - k - 7fg,;'[j'2 k, en 

T T -
9k dk = 9k (-Qkgk + f3kdk-1) 

(15) 

By applying the inequality 2pq :s; p2 + q2 to the third term of (15) with p = 

21 ll9kll and q = 0f3k 9i!:t, we have (14). D 

Remark 2.2. We remark that the direction dk described by (8) satisfy the descent 
condition (14) irrespective of the choice f3k parameter. Therefore, by choosing (12) 
and (13) as the f3k parameters, the condition (14) still holds. 

The step-by-step procedure for the implementation of the diagonal CG-like meth­
ods is given below. 

Remark 2.3. 
The update rule for dk at Step 2 of Algorithm 1, is given specifically to ensure global 
convergence of the methods. 

Lemma 2.4. Let the sequence { xk} and { dk} be defined by Algorithm 1. If there 
is c > 0 such that llg(xk-1)11 ~ c fork~ l, then there is w > 0 such that 

lldkll :S: wll9kll for all k EN U {O}. (16) 

Proof. Case 1: 

If l9kYk-1llldk-ill ~ 11ll9kll, then 

lldkll = 11Qk9kll 

:s; 11Qkllll9kll :s; v;119kll­

Case 2: If l9kYk-1llldk-ill < 11ll9kll, then it follows that 

lldk II = II - Qk9k + iJkdk-1 II II 
:s; 11Qkllll9kll + liJkllldk-111 (17) 
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Algorithm 1: Family of diagonal CG-like algorithms ( deg) 

Input : Given Xo E ~n, 0 < £ ~ 1 ~ u, t > u/4, and tol, 'TJ > 0. 

Step 1: if ll9k II ~ tol, then 
I stop. 

end 
Step 2: if k = 0, then 
I set dk := -gk; 

else 
Calculate 

if lgf Yk-1llldk-ill;::: TJll9kll, 

if lgf Yk-1llldk- ill < TJll9kll, 
where Qk is given by equations (9)-(10), /3k is computed using (6) with 
the choice of f3k from either (12) or (13), and Yk-l = 9k - 9k-l· 

end 
Step 3 : Compute the steplength °'k by a suitable line search. 
Step 4: Obtain the next iterate via Xk+l = Xk + akdk. 
Step 5 : Set k := k + 1 and return to Step 1. 

We first estimate l/3kl- If /3k given by (12) is nonnegative, then we have 

l/3kl = 1/3.fPRP I = l9[Yk-ll +tlgf dk-ll (g[Yk-1) 2 

ll9k- ill2 ll9kll2 ll9k- ill4 

< 'TJ~ 1 +tll9klllldk-lll'T/2 ll9kll2 
- lldk-ill ll9k-ill2 ll9kll2 lldk-ill2ll9k-lll4 

= 'TJ~ 1 + t lldk-1 II ( TJll9k II ) 2 
lldk-1 II ll9k-1 ll2 ll9k II lldk-1 II ll9k-1 ll2 

< (!}_ +t'T/2) ~ -
- c2 c4 lldk-1 II 

Also, if f3k is given by (13) is nonnegative, then 

175 
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< - - - !}_ + t '!}_ ____!!__!5_ . ( 1 1 )-2 
( 2 ) 11 11 

- u 4t E2 E4 lldk- 111 

Let N := min { (t - ½)-2 ( ~ + t~), (~ + t~) }, then we have for any choice 

of fik from (12) and (13) 

11-i I< N~ for all k. 
/Jk - lldk-111' 

Substituting (18) into (17), we get 

lldk II ::::; IIQk 11119k II + lfik I lldk-1 II 
..jn 

::::; T ll9k II + Nll9k II 

= (v; +N) ll9kll-

(18) 

Therefore, ifwe let w :={I:-= min { {I:-, {I:-+ N }, equation (16) will immediately 

follows. D 

Remark 2.5. From the proofs of Lemma 2.1 and Lemma 2.4, it is easy to see that 
if we replace f3k with 

fiDHS ·= {o gf Yk - 1 _ tgf dk - 1 ( gf Yk - 1 ) 2
} 

k · max 'df_ 1Yk-l ll9kll 2 df_ 1Yk-l ' 

defined in [13], the results still hold. Thus, the subsequent convergence result will 
hold for the three modified CG parameters fif PRP , fifLS and fifHS_ To obtain 
the convergence results for other CG parameters, such as FR, CD and DY, another 
update rule for the search direction is necessary (see [13] for details). 

Remark 2.6. In general, the proposed diagonal conjugate gradient like direction 
defined in (8) does not satisfy the Dai-Liao conjugacy condition (4). Consequently, 
we cannot assure its quadratic termination property (see Theorem 5.1 of Nocedal 
and Wright [24]). However, if the exact line search is used (i.e. gf dk-1 = 0 for all 
k) and fik > 0, then 

d[ Yk-1 = -( Qkgkf Yk-1 + fikdL1Yk-l 

= -gf QkYk- 1 + fik(dL19k - df-19k-1) 
= -gf QkYk-1 - fikdL19k-1· (19) 

If fik = fit: RP in (19) then 

T T ( df_19k-l ) 
dkYk-1=-gk Qk- ll9k-1II J Yk-1 · 

If fik = fi/;8 or fik = fif/ 8 in (19) then 

d[ Yk-1 = -gf (Qk - J) Yk-1 · 

Therefore, the proposed direction satisfy the conjugacy condition (4) if the diagonal 
matrix Qk is a scalar multiple of identity. 
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The subsequent section is about the convergence analysis of the new methods 
under the conditions of both the standard Wolfe and the Armijo-type line search 
procedures. Throughout the article, we used the suppositions given below: 

Supposition 2.7. The level set U(x0 ) = {x E ffi.n: f(x) ~ f(x 0 )} is bounded. 

Supposition 2.8. In some vicinity of U, the gradient g of a continuously differen­
tiable function f is Lipschitz continuous. This implies, we can find L > 0 satisfying 

llg(x) - g(y)II ~ Lllx -yll, for all x , yin the neighborhood of the level set U. 

Based on suppositions 2.7 and 2.8, we can conclude that Vx EU, :3 m 1, m2 > 0 
for which llxll ~ m1 and llg(x)II ~ m2. Moreover, by the continuity off and the 
boundedness of U, the sequence {J(xk)} is bounded below. 

3. Convergence results. The Wolfe line search determine CXk by conditions de­
fined below 

f(xk + CXkdk) - f(xk) ~ 81cxkgf dk, 

g(xk + cxkdkf dk ~ 82gf dk, 

(20) 

(21) 

The result of the following lemma is called Zoutendijk condition, and its proof 
can be found in [29]. 

Lemma 3.1. Let the suppositions 2. 7 - 2.8 hold. If the Wolfe conditions (20)-(21) 
are satisfied then 

Theorem 3 .2. Let { xk} be a sequence that follows from Algorithm 1 with the Wolfe 
line search conditions (20)-(21) . Then 

lim ll9k II = 0. 
k--too 

(22) 

Proof. It can be obtain from (14), (16) and Lemma 3.1 that 

f ro-2119 112 < f ll9kll4 < c-2 f (gf dk)2 < oo . 
k=O k - k=O lldkll 2 - k=O lldkll 2 

This implies that 
00 

Hence, equation (22) holds. □ 
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Next, we analyze the convergence of the sequence of iterates generated by Al­
gorithm 1 using Armijo-type line search condition. The Armijo-type line search 
determine ak = 'Y/, with i denoting least non-negative integer that satisfy 

(23) 
00 

where a> 0, 'Y > 0 p E (0, 1) and Tk is nonnegative sequence satisfying L Tk < oo. 
k=O 

Theorem 3 .3 . Suppose that suppositions 2. 7 and 2.8 are satisfied. If {xk} is a 
sequence obtained via Algorithm 1 using the Armijo-type condition (23) then 

liminf ll9kll = 0. 
k ---t oo 

Proof. The proof is omitted because of close similarity with the proof of Theorem 
3.2 of [35]. □ 

4. Linear convergence rate. In this section, we analyze the linear convergence 
rate of the Algorithm 1 for twice continuously differentiable and strongly convex 
function. That is there are some positive constants m S M such that 

mllhll 2 s hT'\l2 f(x)h s Mllhll 2 , for all x , h E 1r, 
where "72 f(x) denotes the Hessian off at x . The analysis in section is restricted to 

the Wolfe line search condition, that is we investigate the linear convergence rate 
of the Algorithm 1 using the Wolfe line search condition only. 

See Lemma 2.2.7 of [28] for the proof of the subsequent lemma. 

Lemma 4 .1. Suppose f is twice continuously differentiable and strongly convex 
function. Then 

m M 
2llx - x*ll 2 s f(x) - f(x*) s 2llx - x*ll 2 , 

llg(x)II 2: mllx - x*II, 
where x * is the minimizer of (1). 

(24) 

(25) 

To prove the convergence rate of the Algorithm 1 we first require the following 
lemma, which guaranty that the stepsize ak obtained using the Wolfe line search 
condition (21 ) is bounded away from zero. 

Lemma 4.2. Suppose f is twice continuously differentiable and the sequence { xk} 
be generated by Algorithm 1 with the Wolfe line search condition. Then 

(1 - 82)(¼ - ft) 
O'.k 2: -----''---=-- ( 26) 

£ro2 

Proof. Combining the Wolfe line search condition (21) together with (14) and sup­
position 2.8 we get 

(1 1) 2 T T 2 (1 - 82) ; - 4t ll9kll S (82 - l)gk dk S (9k+l - 9k) dk S Laklldkll -
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This implies 

where the last partial inequality follows from (16). □ 

Theorem 4.3. Let {xk} be a sequence generated by Algorithm 1 with the Wolfe 
line search. Suppose that f is twice continuously differentiable and strongly convex, 
x* is the minimizer of (1). Then there exist constantsµ> 0 and j E (0, 1) such 
that 

(27) 

Proof. From the Wolfe condition (21), inequalities (24), (25) and (26), we get 

f(xk+i) - f(x*) ~ f(xk) - f (x*) + 01akgf dk 

~ f(xk) - f(x*) - 01ak ( ~ - :t) llgkll 2 

~ f(xk) - f(x*) - 01 C1 - 0i~2- ½) 2) m2llxk - x*ll 2 

~ f(xk) - f(x*) - ( 2m2o1(1;;~;¼ - ½)2) (f(xk) - f(x*)) 

= (1 - 2m201(1;1~;¼-½)2) (f(xk)-f(x*)). 

This and inductive process gives 

f(xk) - f(x*) ~ J2(f(xk-1) - f(x*)) ~ . . . ~ j2k(f(xo) - f(x*)), (28) 

( 
2m2,5i(l-82)(l_..L)2 ) 

where j = 1 - MLw24 4 ' E (0, 1). Combining (24) with (28), we get 

By letting µ = ✓ ~ (f(x0 ) - f(x*)), we obtain (27). Hence, this means that the 

sequence { xk} be generated by Algorithm 1 converges R-linearly under Wolfe line 
search. □ 
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5. Numerical results. In this part, we analyze the computational efficiency of 
the DPRP and DLS methods, by comparing their performance with some existing 
methods. The analyses was based on a set of forty nine (49) problems considered 
from [4] with dimensions ranging from 2 up to 105 . The tabulated list of all 49 test 
problems used for this experiment is accessible through the following link https: 
//acrobat . adobe.com/link/review?uri=urn : aaid : scds :US : 129f6056-799 
2-4aae-a126-bf0434479829. For the implementation of the classical PRP, LS, 
and the proposed DPRP and DLS methods, we used the Wolfe conditions with the 
parameters value as 81 = 82 = 0.0001 and Armijo conditions with parameters values 
as p = 0.5, 'Y = 1 and a = 0.0001. We compare the proposed methods according to 
number of iterations (NOI), function evaluations (NFE), and CPUT metrics. The 
following existing methods are considered for the comparison purposes: 

• The classical PRP method in [25, 26] 
• The AZPRP method in [2]. 
• The TPRP+ method in [20]. 
• The classical LS method in [21]. 
• The NMLS method proposed in [l ]. 

The recent methods, namely, AZPRP, TPRP+, and NMLS were implemented using 
the standard parameters values reported in the respective papers [1, 2, 20]. 

All coding were done on MATLAB R2019b software and ran on a core i5 Windows 
10 PC with 8GB RAM. The iteration is terminated if ll9k II :::; 10-6 and when the 
NOI exceed 2,000, we report a failure . The detailed numerical results is available 
at https : //acrobat . adobe . com/link/review?uri=urn :aaid : scds :US :df9a77 
15-020c-44f9-a623-35d211e13dbb. 

To present a visual illustration and comparison of the proposed methods with the 
classical as well as recent modifications, the study employed the performance profiles 
tool introduced by Dolan and More [12]. This tool states that the algorithm with the 
top curve is regarded as more efficient because it solved the most problems compare 
to other methods used in the comparison. Based on the outcome of our numerical 
experiment, we present the following results. Figs. 1 illustrate the experimental 
outcome based on number of iterations for AZPRP, TPRP+, PRP, DPRP, NMLS, 
LS, DLS methods under Wolfe line search (A) and Armijo-type line search (B) while 
Figs. 2 and 3 represent the performance based on number of function evaluation 
and CPU time respectively. 

From Figs. l (A), 2(A), and 3(A), we observed that the performance of DPRP 
and DLS obviously outperformed all the other methods under the Wolfe line search. 
Also, based on Fig. l (B), it is evident that the new DPRP algorithm perform better 
based on NOi, while the DLS method was competing other methods. However, from 
Fig. 2(B) and 3(B), we can observe a close competition from the all the algorithms, 
particularly in terms of NFE and CPUT, yet, the proposed methods slightly out­
performs the other methods. Since all the methods presented in Figs. l (A), 2(A) , 
and 3(A) , are implemented using Wolfe procedure, we can draw a conclusion that 
the proposed DPRP and DLS methods perform better because they generated more 
efficient search directions compare to the other methods. Also, based on the Armijo­
type line search as presented in Fig. l (B), the DPRP and DLS curves are the top 
performer for a large number of problems despite the competition as shown in Figs. 
2(B), and 3(B), thus, on average, we may conclude that the proposed methods gen­
erated more efficient search direction compare to PRP, TPRP+, LS, and NMLS 
methods respectively. 
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FIGURE 1. Performance profile outputs based on number of itera­
tions under Wolfe line search (A) and Armijo line search (B) 

- DPRP - DPRP 
- PRP - PRP 
- AZPRP - TPRP1-
-oLS -0LS 
- LS - LS 
- NMLS - NMLS 

(B) 

FIGURE 2. Performance profile outputs based on number of func­
tion evaluation under Wolfe line search (A) and Armijo line search 
(B) 

181 

In the second part of the numerical experiments, the performance of the proposed 
DPRP and DLS methods was tested on image restoration problem. The problem 
of restoring images corrupted by impulse noise has recently gained a significant 
attention due to its important in real life applications [5,30,31]. There are two types 
of impulse noise, namely, salt-and-pepper and random-valued, here we consider 
noisy image corrupted by salt-and-pepper impulse noise. To achieve our goal, we 
consider the following image restoration problem similar to the problem used by Yu 
et al. in [30]: 

minQ(u), 

where 

where 
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FIGURE 3. Performance profile outputs based on CPU time under 
Wolfe line search (A) and Armijo line search (B) 

K = {(i, j) E Wl(ij =/- fo, fo = Smin or Smax}, 

10 

is the index of the noise candidate, W = {1, 2, •, M} x {1, 2, •, N} and½ 1 = {(i, j-
1) , (i,j + 1), (i - 1,j), (i + 1,j)}, ~ is the observed noisy image corrupted by salt­
and-pepper impulse noise, ( is an adaptive median filter to the noisy image ~­
The maximum and minimum of a noisy pixel are represented by Sma x and Smin, 

respectively. Furthermore, </>a is an edge-preserving functional taken as <l>a(t) = 
✓t2 + a with a= 1. We make performance comparison of DPRP and DLS with 

TABLE 1. Image restoration outputs for EMPRP, DPRP and DLS 
based on CPUT, RelErr and PSNR metrics 

METHOD EMPRP DPRP DLS 

IMAGE NOISE CPUT ReIErr PSNR CPUT ReIErr PSNR CPUT RelErr 
30% 105.542 0.5781 28.475 105.493 0.5572 28.5543 105.5418 0.5743 

CAT 50% 104.651 0.7452 27.0691 104.761 0.8596 25.8077 104.7299 0.8661 
70% 143.276 1.0233 25.3733 143.101 1.0159 25.3698 139.424 1.0269 
30% 50.0791 0.8131 34.6163 49.225 0.8031 34.2636 50.0232 0.801 

PEPPER 50% 190.629 1.2806 30.9059 187.223 1.2086 30.1389 189.445 1.2327 
70% 138.435 1.7082 28.1305 124.24 1.675 28.3416 128.345 1.699 
30% 38.2418 0.8208 33.0966 33.6865 0.8036 32.5642 33.6957 0.8071 

SHIP 50% 63.9543 1.3115 29.508 58.934 1.3075 29.6171 59.1445 1.3012 
70% 104.753 1.999 26.7453 98.666 1.9889 26.6844 98.732 1.9824 

PSNR 
28.425 

25.7951 
125.3934 
34.2661 
30.9452 
28.1128 
32.9238 
29.6127 
26.6772 

related methods such as EMPRP in [5]. Three test images, namely, Cat, Pepper 
and Ship (both of them are 256 x 256 grey level images) were considered. 

The quality of the images restored by the various methods are measured using 
the relative error (RelErr) and peak signal-to-noise ratio (PSNR) defined in [5]. 
The PSNR ratio between two pictures, measured in decibels, is computed by the 
PSNR block. This ratio is used to compare the quality between the original and 
compressed images. The quality of the restored image improves with a greater 
PSNR which is computed as follows: 

( MAX 2 ) 
PNSR = 10 - loglO Msl 

= 20 • log10 (MAX1) -10 · log10 (MSE), 
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where MSE defines the mean square error and MAX1 denotes the image possible 
maximum pixel value. 

(c) 

(D) (E) 

(H) (r) 

FIGURE 4. Images corrupted by 30 % salt-and-pepper noise: 
(A,B,C). The restored images via EMPRP: (D,E,F). The restored 
images via DPRP: (G,H,I), and the restored images via DLS: 
(J,K,L) 

As observed from Table 1 and Figs. 4, 5 and 6, the proposed methods are capable 
of efficiently removing the noise from the corrupted images. 
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(c) 

(D) 

(c) (H) (r) 

FIGURE 5. Images corrupted by 50 % salt-and-pepper noise: 
(A,B,C). The restored images via EMPRP: (D,E,F). The restored 
images via DPRP: (G,H,I), and the restored images via DLS: 
(J,K,L) 
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(c) 

(o) 

(a) (H) (1) 

FIGURE 6. Images corrupted by 70 % salt-and-pepper noise: 
(A,B,C). The restored images via EMPRP: (D,E ,F) . The restored 
images via DPRP: (G,H,I), and the restored images via DLS: 
(J,K,L) 
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