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Abstract There has recently been considerable focus
on finding reliable and more effective approximate
methods for solving biological mathematical models in the
form of differential equations. One of the well-known
approximate or semi-analytical methods for solving linear,
nonlinear differential well as partial differential equations
within various fields of mathematics is the Variational
Iteration Method (VIM). This paper looks at the use of
fuzzy differential equations in human immunodeficiency
virus (HIV) infection modeling. The main advantage of the
method lies in its flexibility and ability to solve nonlinear
equations easily. VIM is introduced to provide
approximate solutions for linear ordinary differential
equation system including the fuzzy HIV infection model.
The model explains the amount of undefined immune cells,
and the immune system viral load intensity intrinsic that
will trigger fuzziness in patients infected by HIV.
CD4+T-cells and cytototoxic T-lymphocytes (CTLs) are
known for the immune cells concerned. The dynamics of
the immune cell level and viral burden are analyzed and
compared across three classes of patients with low,
moderate and high immune systems. A modification and
formulation of the VIM in the fuzzy domain based on the
use of the properties of fuzzy set theory are presented. A
model was established in this regard, accompanied by plots
that demonstrate the reliability and simplicity of the
methods. The numerical results of the model indicate that
this approach is effective and easily used in fuzzy domain.

Keywords  Fuzzy Set Theory, Fuzzy Differential
Equations, Fuzzy HIV Infection Model, Analytical

Solution, Variational Iteration Method (VIM)

1. Introduction

The mathematical model can be interpreted in many
real dynamics of a set of ordinary or partial differential
equations. Real life systems use fuzzy sense to generalize
the common sense, as the fuzzy logic is a solid method to
model vagueness and, in particular, to handle uncertainty
by a mathematical model [1]. Since fuzzy differential
equations (FDEs) are Dbetter known for their
appropriateness to solve scientific and engineering
problems, they have been a popular theme studied by a
number of researchers recently. There are many practical
problems with the solutions of the FDEs that meet fading
initial or boundary value conditions problems. From many
HIV models classified as a system of differential
equations of first order. A Number of modeling methods
for understanding dynamics of HIV, disease progression,
anti -retroviral response, etc. have been proposed in [2-4].
The topic of FDEs has become a popular subject among
mathematical scientists as it can be used in many branches,
such as physics, astronomy, biology and population [5-7].
Such equation models are cell formation, population
dynamics and HIV dynamics [8]. Given the approximate
solutions to fuzzy initial value problems (FIVPs), many of
these are not solved precisely and sometimes the exact
solutions might not be available under uncertainty
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properties [9]. Also the approximate methods have
advantages over numerical methods such as the flexibility
to provide both linear and nonlinear problems with
approximate and reliable solutions without any need for
discretization and linearization and helps engineers or
scientists to understand a physical problem better, and
improving future methods and principles for solving their
problems. The VIM is an approximate method created by
He and applied widely in many mathematics problems and
engineering applications [10-12]. Moreover, in the last
years, VIM have been used to find the approximate
solution of a different order of FDEs involving linear and
nonlinear problems [13-15]. In this work, by means of a
linear FDE system, the unpredictable behaviours of CD4
+ T-cells, CTLs [16] and the viral load in different
patients are modelled. Following this, the optimal control
is analyzed for reducing both the viral load and the drug
costs to a minimum value. Therefore, for this reason, the
VIM will be applied to the solution of the proposed linear
fuzzy HIV infection model. The approach is developed
using the fuzzy set theory properties in the study of the
estimated solution for CD4 + T-cells and CTL level and
the viral load in various patients.

2. Preliminaries

Definition 2.1 [17]. Fuzzy numbers represent unknown
values and are a subset of the set of real numbers. Fuzzy
numbers are connected to membership degrees that state
how valid it is to tell whether or not anything belongs to a
given set. If identified by three numbers a0 <f < vy, a
fuzzy number u is termed a triangular fuzzy number
where p(x) is a triangle centered on the [a,y] interval
and vertex at the point x = . The following form is used
for its membership function:

0, ifx<a
x—a fa<x<p
u(x; a,B,y) = ’jii o<
y—8' Mf=x=y
0, ifx >y
n(x) 0
1 .
0.5
0 : >
o B 'Y X

Figure 1. Triangular Fuzzy Number
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and its r-level is: [ul, =[a+ r(B—a),y — r(y —
B)1,r € [0,1].The r-level set of trapezoidal fuzzy number
can be defined as follows: [f], = [(B —a)r +a,8 —
6=yl 3

In this paper, E indicates the class of all fuzzy subsets
of R and fulfill the following properties [18]:
1. u(x) isnormal,ie. It, € R with u(ty) =1,
2. u(x) is fuzzy convex set, ie. u(Ax + (1 — A)t) =

min{u(x), u(t)} vx,t € R, 1[0,1],

3. pu is upper semi-continuous on R,

{t € R: u(x) > 0} is compact.

The space of fuzzy numbers is called £ and R is a
proper subset of E.

The r-level set is defined as x € R, [u], = {x:
ux) = r},0< r <1, where[p]yg = {x: u(x) >0} is
compact, and an interval that is closed bounded and

denoted by [p] rru], = [E(x),ﬁ(x)]. A fuzzy number is

defined by an ordered pair of functions [E(x),ﬁ(x)],
r € [0,1] in a single parametric form which satisfies:
1. u(x) is a continuous non-decreasing bounded left

function over [0,1].

2. u(x)is a continuous non-increasing bounded right
function over [0,1] .

3. E(x) <u(x), re€[0,1].
defined simply by E(r) =ulr)=r, rel01].

The crisp number 7 is

Definition 2.3 [19]. If E be the set of all fuzzy numbers,
then f(x) isa fuzzy functionif f:R—>E .

Definition 2.4 [20]. The fuzzy function process is denoted
as A mapping f:T — E for some interval T € E and
r-level set is represented by:

F@l = [fxn. fan].xekre o,

where K is the time interval. As representation types of
the fuzzy set, the r —level sets of a fuzzy number are far
more efficient than the above. Based on the resolution
identity theorem, fuzzy sets can be represented by the
families of their r-level sets.

Definition 2.5 [21]. Each function f:X — Y induces
another function f:F(X) — F(Y). For each fuzzy interval
U in, it is defined by:

- _ [Supyef-15HU(x), if y € range (f)
FO) = {0 ’ ,if v & range (f)’

this is called the theory of the Zadeh extension..

3. Description System of Fuzzy FDEs

According to [22] and Section 2, consider the
nonhomogeneous general system of FDEs with fuzzy
initial conditions:
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(7,0 = (71O, . 5,(0) + §1.(0),
7,0 = H(5:1(0), .. 5,.(D) + G2 (),

(M

7 () = Fa(r(O, - Fu(®) + O,
k371(0) = 51'372(0) = dy, ---,)7n(0) = dn,

where fj = [fj,j_f]] is the fuzzy function of the fuzzy
= T
variables J; = [yi,ii] and crisp variable t, the fuzzy
— T
Hukuhara-derivatives §' i = [y’ Ly ].] with fist order
2 ; .

fuzzy differentiability [22].

The fuzzy initial conditions 3;(0) = [Xj(O),yj(O)]rare
triangular fuzzy numbers, and the nonhomogeneous
terms g; = [g]-,gj]rforj = 1,2, ...n. Following the fuzzy

analysis in [22], we let
Y(t;1) = [5.(6;71),5,(;7), ..., Fu(to; )] be the solution
of Eq. (1) in fuzzy form on [0, T] such that by the theory
of the Zadeh extension we have:

ywﬂ=mMMWﬁW%dﬂmﬂ+@wm%@ﬂ€
lyeny,@n]=£E7EN)+gen) @
¥, (67) = max {f;(71 (6, .. u(6:1))+,7,(E:7): 5;(7) €
[y&ny,En)=fErEn)+3,60) G
and
fi(£7@6n) =1 (60,7 (6) = 1 (£ 7(61)
f,(67@n) = U (Y& YEN) = Uy (£ 7(61)

According to the indicators mentioned above, the lower
bound of system (1) is represented as follows;

7' 61 = L (67(ED) + gu (67,
% 61 = L (£ 7(ED) + g2 (67,

361 = 1 (6.7(61) + ga(eir),
y1(0;7) = a;(r), y,(0;7) = a, (7)), ..., ¥ (0; 1) = @, (1),

%
and for the upper bound
y, &) =0, (t,f’(t; r)) +g,5m),
¥y, (1) =U, (t, Y (t; r)) +7,@t:7),
3 6)

3, (t7) = U, (£751) + 7,67,
y,0;7) =a,(r), ... y,(0;7) = a,(r).
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4. Description of Fuzzy VIM

The details of VIM to solve crisp differential equations
have been introduced in [10-12]. The purpose of this
section is to extend the fuzzy analysis of VIM to solve the
system (1), from [14,15]:

Yirna(B7) =y 6 + [ A1) {yin (557 = Ly (5, Fia (7)) - ga (i)} s

—

Xi+1,2(f; r)= Zi,z(ti r)+ f;MS; ) {Xi,z'(S; r)—L, (s, Yi,z(si 7')) - gz(S; T)}dS

Yerin (6T = Yin(61) + [ A7) {in (557) = Lo (5, Tin(5i7)) = gn(si M)} ds
(7
and for the upper bound

(3101, 67) =5, 1) + [y A1) {73, (557) = U (5, Tia(5:1)) = G, ()} s
y

Tiwa 6T =T, + [y A1) {7, (57 = Uz (5,Via(557)) = G, (s) s

Fraan ) =9, 67 + [ 251 {7, (57) = Un (5, Tinlsi7)) = G, (557} ds
®)
for i=0,12,...,m , and j=1,2,..,n . The general
Lagrange multiplier A(t,s) which can be optimally
identified via variational theory [10]. Y’i,}- is deemed a
restricted variation. i.e § ¥; j = 0. According to [15], the
value of A(s;n) = —1 related to Egs. (7-8), then Egs. (7-8)
becomes as follows:
Yirra (&) = yia (1) = {X,-,l’(S: N-fi (s,Xm(s; r)) - (s r)} ds
Xi+1,z(ti r) = Xi,z(ti r)— fot {Xi,zl(si r) — iz (S,)_’L-,Z(S; 7’)) - gz(si 7’)} ds

lXHl,n(t; ) =yiat;r) - f(f {Xi,,.’(S: N=fa (s,X,-,n(s; r)) = gn(s; r)} ds
)

and for the upper bound
Fna 61 =5, = [ {7, 1) = F, (s.5,,51) — G, (s} ds
Fina @) =5, = [ 7, 61 = F, (5.7, () = G,(s5m)} ds

T =5, = [ {7, 50~ F, (S. Tin(si1) =7, (s r)} ds

(10)

where the valued of the initial guessing J ;(t;r) that

satisfy the initial conditions in Eq. (1). Consequently from

[15], the exact solutions F;(t;r) of system (1) may be
obtained by

Fi(t;r) = lim;, 7;(¢;7) (11)
5. Fuzzy Linear HIV Model Solution
and Analysis
The diseases that affect human immune system can be

identified as the HIV infection, where the protective cell
CD4+ T cell are being actively depleted. This will lead to
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immunosuppression and defense against opportunistic
infections. When the infection occurs, HIV is passed and
the cell molecule CD4 + T is bound to the HIV receptor in
the protection cycle. HIV with bind to that cell and insert
genetic material into CD4+ T cells and then transforms
ribonucleic acid (RNA) into deoxyribonucleic acid (DNA)
using the enzyme known as reverse transcriptase to
transform the CD4+T cell structure into HIV.CD4 + T-cell
serves as the transmitter of a signal by cytokines to the
other immune cell. In general, cell CTLs respond to this
message and are designed to remove cells from HIV. The
powerful immune system in this case reduces the rate of
depletion of the CD4 + T-cell and vice versa. Diminishing
CD4+T cell molecules is not able to react or act against
pathogen from bursting during proliferation, and the
immune system becomes weaker [23]. The HIV patients
are now moving to patients with AIDS. Zarei et al [23]
proposed fuzzy linear structure underneath.

(%' (0) =T gx(t) - ev (D),
v'(t) = p(t) — az (o),
Z'(t) = hx(t) = To(t),
#(0) = %o, 5(0) = ¥, 2(0) = Z,

(12)

where the variables and perimeters in model (12) are
defined in [24] also the dynamic behavior and details of
system (12) is given in [23]. Under section four, the VIM
formula of system (12) is given by

Fona(67) = H(67) = [y {7/ (57 = 1], + (@l %57 + [€), %, (s ) ds,

B (657) = Bi(67) = [ (57) = [Pl (s m) +
@l z;(s;r)}ds, Zi () = Z;(6 1) — fot {Zi’(s; r) —
(7] %:(s; 1) + [T1,0:(s; r)} ds,

x(0;7) = [%l,, ¥(0; 1) = [Bol, 2(0;7) = [Z];.
(13)

From VIM in Eq. (13) we obtain the following results:

5.1. Immune Cell-Level Dynamics and Low Patient
Viral Load

Figure 1: (a), (b) and (c) display immune system levels
that are CD4+T cells, CTLs, and HIV viral stress for
patients with a low immune system at a time interval of
between 0 and 2000 days. (The dark color shows the
highest chance to improve the immunity, while the light
dark color shows the low chance to improve the
immunity). Figure 1 (a) shows the slowly decline of
CD4+ T cell level at the beginning. The curves show that
the number of CD4+ T cells is rapidly decreasing. The
curves show that the number of CD4+ T cells is rapidly
decreasing. The curves show that there are rapid decreases
in the number of CD4+ T cells after slowly incline and the
progression to AIDS  have the highest possibility to
occur. Figure 1 (b) shows that there is very slow
increment in the HIV viral load at the beginning. Besides,

345

if we observe the curves there  are highest probability
that HIV viral load increases rapidly after slowly increase.
Moreover, we can say that the speed of HIV virus
increases corresponding to the speed depletion of CD4+ T
cells. This is due to proliferation of new HIV cell by
bursting the CD4+ T cell. Figure 1 (c) shows the level of
CTLs gradually increases when the CD4+ T cell gradually
decrease at early stage but decline at the latter stage which
is due to virus induce the impairment to CD4+ T cell.

VIM itaretion 10
X(t)
100 pe_
80
60
40
2
t value
500 1000 1500 2000
(a)
VIM
v(t)
80
60
40
20
500 1000 1500 o0 AR
(b
VIM
Z(t)
008
006
o
002
t value
500 1000
(©)
Figure 1. (a) CD4+ T cell level, (b) HIV viral load, (c) CTLs level in

low immune system patient for ¢t € [0,2000] days
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5.2. Immune Cell-Level Dynamics and Moderate
Patient Viral Load

The degree of CD4 + T cell decreases slowly but at a
reasonable rate as shown in Figure 2(a). In addition, the
number of CD4+T cells is likely to decrease in the
moderate rate later after a progressive reduction. Figure
2(b) shows that at a later stage of HIV infection, the level
of viral load still gradually increases at a reasonable rate.
In this case the lasting immune response also depends on
the CD4 + T and HIV viral load levels in Figure 2(c).
Figure 2(c) indicates a modest response rate. The chance
is also mild in this case.

VIM itaretion 10
Xt
100
80
60
40
2
t value
500 1000 1500
(a)
VIM
v(t)
60
50
40
30
20
10
t value
500 1000 1500 2000
(b
VIM
zt)
008
0.06
004
0.02
t value
500 1000 1500
(©
Figure 2. (a) CD4+ T cell level, (b) HIV viral load, (¢c) CTLs level in

moderate immune system patient t € [0,2000] days
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5.3. Immune Cell-Level Dynamics and High Patient
Viral Load

The steady decrease of CD4 + T cell over a 2000 time
period can be seen in Figure 3 (a). The curves indicate that
the CD4 + T cell is most likely to continue to decline
slowly. Furthermore, the gradual decrease of the CD4+T
cell contributes to a slow development of AIDS. Figure
3(b) shows that HIV viral load rates are gradually
increasing. HIV viral load can gradually increase. There
are strong prospects. The high probability of a longer CTL
cell is shown in Figure 3 (c). The minimum virus
deficiency is demonstrated by the CD4+T cell.

VM itaretion 10

1(:0\

t value
1500

v(t)

»

15

10

t value
1500

(®)
VIM
Z(t)
003
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004

002

©

Figure 3. (a) CD4+ T cell level, (b) HIV viral load, (c) CTLs level in
high immune system patient for t € [0,2000] Days
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5.4. Weighted Center of Gravity (WCOG)

This technique provides a crisp value dependent on the
fuzzy defined center of gravity. The total area used to
describe the combined control action in the fuzzy
membership functions distribution is divided into a variety
of sub-areas. The area and the center of gravity or center
of each sub-area are measured and all these sub-areas are
then defuzzified for a discreet fuzzy set [23]. We illustrate

the WCOG in Figures 4 a, b and c as bellow:

wit) of x(t)

VIM

t value
()
VIM
w(t) of v(t)
60
50
40
30
20
10
0 t vaue
(b)
VIM
w(t) of z(t)
008
e T -~
0.06 ",’ s‘
’O A}
A “
o4 244 [y
'¢' I‘
" A )
002 K
1
1.
]
. tval
50 1000 1500 ol Ve
(©

Figure 4. The WCOG of CD4+ T-cells level (a), the viral load (b) and

CTLs level (c) versus time in patients L (...), M (—), and H (—) for
t € [0,2000] days

Viral Load

VIM

x()

r value
02 04 06 08 10
(®)
VIM
At
008
r value
02 04 06 08 10
(©)
Figure 5.

(a) r-cut level for CD4+ T cell (b) r-cut level for HIV viral load

(c) r-cut level for CTLs cell in the form of triangular fuzzy number
solution

The r-cut value against number of cells is drawn at
t = 1850 by the plot of Figure 5(a), (b), (c).
Nevertheless, the amount of these cell is different for the
high immune patient when r 1 is more whenr = 0.
The number of CD4 + T cells between low and high in the
case of a moderate immune system. This shows that the
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5.5. The r-Cut Indicating the Level of Immune Cell and
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number of cells CD4+T in t = 1850 in strong immune
patients is higher compared with patients with poor
immune strength. The increase in HIV viral load is
decreased by the number of CD4+T cells, as stated in 3.2.
The number of HIV viruses dependent on the r-cut is
shown in Figure 5(b).

6. Conclusions

We proposed the approximate method known as VIM

to describe the mathematical model of fuzzy HIV dynamic.

VIM is reformulated and analyzed in term of fuzzy
domain in the linear fuzzy HIV infection model. The
recreates appear that the fuzzy HIV model can be utilized
in portraying the vulnerability resistant cell level and the
viral stack because of existing patients with the distinctive
quality of immunization level. The obtained results by
VIM shows that the method series solution obey the
properties in the form of the triangular fuzzy number.
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