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ARTICLE INFO ABSTRACT

Keywords: This research study proposes a novel hyperchaotic finance system with profit margin and then utilizes the
Chaotic system Adomian Decomposition Method (ADM) to tackle the solution of the associated Caputo-derivative based
Financial system fractional-order hyperchaotic finance system with profit margin. Numerical simulations and analyses, such as

Fractional order

H b the evaluation of Lyapunov exponents (LE), the creation of bifurcation diagrams (BD), the complexity analysis
yperchaos

(CA), and the 0-1 test, are used to get a full picture of the system. The results of our study demonstrate the
occurrence of periodic, chaotic, and hyperchaotic dynamics in the system. Furthermore, the overall criteria for
the existence and the uniqueness of the exact solutions for Caputo fractional-order models are presented. In
addition, we present a control methodology for the fractional-order hyperchaotic financial system utilizing the
Laplace transform and linear feedback control. Significantly, our research showcases a noteworthy correlation
between the analytical results and numerical simulations, emphasizing the soundness and effectiveness of our
methodology.

1. Introduction The fractional calculus offers a more flexible and versatile frame-
work that can provide additional insights and better describe economic

. . . . . ; ; ; 10-12 ;
Fractional calculus is an area in mathematics generalizing the con- of behaviors found in chaotic systems. Chaotic systems often ex-

cepts of integration and differentiation to non-integer order.! In tradi- hibit long-range dependencies and memory effects, where the behavior
of the system at one time affects its behavior at much later times.!?

Fractional calculus allows for the modeling of such behaviors more
naturally by incorporating non-integer orders of differentiation and
integration.'*

In the financial context, hyperchaotic systems can arise when mod-
eling complex interactions between various financial variables, such
as asset prices, interest rates, and market indicators.'® These systems
are of interest because they can capture extreme fluctuations, abrupt

tional calculus, differentiation corresponds to finding the rate of change
of functions, and integration corresponds to finding the accumulation of
a quantity over an interval.? In fractional calculus, these operations are
extended to allow for differentiation and integration with non-integer
orders, typically expressed as a fractional power of the derivative
or integral operator.®> Fractional calculus has applications in various
fields, including finance,* biology,” robotic,® encryption,” physics® and
electronic circuit.”
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changes, and irregular patterns that are sometimes observed in financial
markets.'® Financial systems are influenced by a multitude of fac-
tors, including economic indicators, investor sentiment, policy changes,
and external events.!” Hyperchaotic models attempt to capture the
intricate interactions between these factors, leading to complex and
unpredictable dynamics.'®

Hyperchaotic behavior in financial systems can have real-world
consequences for investors, traders, regulators, and policymakers. Yu
et al.' presented some novel hyperchaotic systems within a finan-
cial model involving profit margins. They explored the effectiveness
of linear and speed feedback controllers that stabilizes hyperchaos
toward unstable equilibrium points. Vargas et al.> presented new
adaptive procedure to achieve synchronization in some hyperchaotic
financial systems, accounting for unknown system parameters and
bounded disturbances. Szumiriski>! formulated two hyperchaotic fi-
nancial systems and provided analytical evidence for these assertions
by evaluating conditions of variational equations of differential Galois
groups along specific solutions. Kai et al.?> introduced a financial
hyperchaotic system of four-dimensional derived from an established
three-dimensional nonlinear financial model, enhanced with controller
term that can address the impact of control on the systems. Their
study revealed the occurrence of a positively invariant set known
as Hopf bifurcation, and a means of implementation using electronic
circuits. Rao and Zhu?® simultaneously addressed stabilization and
synchronization for hyperchaotic financial systems with double delays.
A novel global Mittag-Leffler synchronization condition for financial
hyperchaotic system of fractional-order was developed by Li et al.?*
This scheme is achieved through the design of appropriate impulsive
control and state feedback controllers. Yousri and Mirjalili>> proposed
a robust optimization algorithm for identifying parameters governing
fractional-order chaotic behavior, noise-influenced hyperchaotic and
chaotic financial system. Xu et al.>® tackled the hyperchaotic system’s
Hoo control problems subject to energy-bounded disturbances based
on delayed feedback controllers. By considering the homogeneous Neu-
mann boundary conditions on a set of semi-linear parabolic partial
differential equations, Wang et al.?’ investigated the financial sys-
tem that included sub-blocks of the labour force, stocks, money, and
production distributed along particular line segments or planar areas.

In the recent decades, there is significant interest in the financial
literature in the modeling of Caputo derivative based fractional finance
systems. Olayiwola et al.>® proposed a Caputo fractional order financial
mathematical model and investigated the impact of minimum inter-
est rate and maximum investment demand in the proposed financial
model. Aljethi and Kilicman?® proposed a fractional differential equa-
tion and studied its application to realistic finance data. Alzaid et al.>°
studied the chaotic behavior of a new fractional financial mathematical
model developed with a generalized Caputo derivative operator. Li
et al.’>! studied a Caputo derivative based fractional financial sys-
tem modeling the dynamics of a three-agent financial bubble. In the
recent years, research works have also paid attention to Caputo deriva-
tive based fractional hyperchaotic finance systems. Sene®? proposed a
new fractional 4-D hyperchaotic finance system using Caputo-Liouville
derivative and investigated the existence and uniqueness of solutions
of the proposed 4-D fractional hyperchaotic finance model. Hajipour
et al.>® developed a fractional hyperchaotic scheme characterized by
disturbances and uncertain dynamics, demonstrating the efficacy of the
robust adaptive sliding mode control system.

Motivated by the above literature, this study aims to address the so-
lution of fractional-order financial systems incorporating profit margin
using ADM strategy.

The main contribution and novelty of this work as follows:

1. System hyperchaotic financial system has 11 terms with three
quadratic nonlinearities.

2. Solving fractional-order financial system incorporating profit
margin using Adomian decomposition method (ADM).
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3. System exhibits periodic, chaotic, and hyperchaotic behavior

4. The control strategy for the fractional-order hyperchaotic finan-
cial systems using Laplace transform and linear feedback control
was studied.

This work is systematized as follows. The next Section will present
the preliminaries, algorithms, and model derivation. In Section 4, we
investigate the dynamical behavior in fractional-order hyperchaotic
financial scheme. Furthermore, in Section 4, we propose a control
scheme for hyperchaotic financial systems of fractional-order, employ-
ing Laplace transform and linear feedback control. The study is sum-
marized and a concluding remark is presented in the last section.

2. Motivation and reasons for using Caputo based model

Traditional integer-order calculus is generalized to non-integer or-
ders in fractional calculus. Several recent studies, for example,3443
can be consulted to understand the importance and uses of fractional
calculus in many fields of science and engineering. The Caputo frac-
tional operator is often used as a fractional derivative in mathematical
modeling. Several causes have prompted the adoption of the Caputo
fractional operator in modeling, and early results suggest that it can
more precisely capture the behavior of a wide range of systems than
standard integer-order models. Here is a comprehensive analysis of the
rationale behind using the Caputo fractional operators in mathematical
modeling:

+ Historical Context: The history of fractional calculus stretches
back centuries, at least to the time of Leibniz. However, until it
was understood that some phenomena could not be correctly rep-
resented by integer-order differential equations, they remained
primarily in the realm of mathematical curiosity.

Replacement with Fractional-order: The famous Riemann-
Liouville integral formula can be shown to be developed from the
Cauchy method for repeated integration by merely substituting
r € C, Re(r) > 0 for n € N and it is this fractional integral formula
that has served as the basic for the developing different types of
numerical methods for solving numerous partial and fractional
ordinary differential equations.

Effects on memory and heredity: Memory is an inherent prop-
erty of fractional-order systems. Systems with memory or heredi-
tary effects can be modeled with the help of the Caputo fractional
operator. Such systems remember their prior states and behaviors
and use that data to inform their current behavior. Normal differ-
ential equations of integer order are inadequate to capture this
phenomenon.

Kinematical Complexity: Systems with complex dynamics can
be described using fractional differential equations in their sim-
pler versions. System features like power laws, long-range depen-
dencies, and anomalous diffusion are often better captured by
fractional-order models.

Meaning in the Real World: The use of fractional derivatives
can be understood physically in particular contexts. In the case of
anomalous diffusion, for instance, one can directly relate the dif-
fusion’s nature (sub-diffusion vs. super-diffusion) to the exponent
of the fractional derivative.

Modeling Adaptability: The order of the fractional derivative
makes an additional modeling degree of freedom available. This
expands the possible system behaviors, letting us fine-tune the
model to better reflect real-world data.

Improved Agreement with Experimental Data: Many real-
world studies have shown that models that use the Caputo frac-
tional operator can fit experimental data better than integer-order
models, especially when the data has non-standard dynamics.
Nonlocal Nature: Nonlocality is an intrinsic property of frac-
tional operators, which means that the previous history of the sys-
tem has an effect on the current state of the system. Some systems’
behaviors may be difficult to capture without this feature.
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+ Intermediate Processes: Some processes cannot be described
using the usual differential or integral notation. The Caputo oper-
ator provides a transitional state between these two extremes of
differentiation and integration.

Classical Models Generalized: In many cases, the classical
integer-order model can be retrieved as a special case by switch-
ing to fractional calculus and therefore generalizing the theory.
Mathematical Consistency: Among fractional derivatives, the
Caputo derivative is notably helpful because it offers causality in
the time domain, guaranteeing that the current state of a system
depends solely on the past and not the future. For many physical
and engineering uses, this is essential.

It is important to note that the benefits and enhanced precision of
modeling specific processes do not come without the obstacles posed
by fractional calculus. Fractional-order differential equations can be
more difficult to solve analytically and numerically than their integer-
order equivalents. In addition, the fractional order is not always easy
to comprehend physically. The increasing focus on this topic, however,
suggests that it may help us better comprehend other complex systems.

+ By considering the literature, it is obvious to notice that the well-
known Riemann-Liouville integral scheme is derived from the
Cauchy procedure for the repeated integration where Riemann—
Liouville notably replaced n € N with r € C,Re(r) > 0 and
recently, the fractional integral method has been the cornerstone
for developing of different kinds of numerical schemes for ob-
taining the solution of partial and fractional ordinary differential
equations.

After being motivated with continuous advancements of fractional
calculus in various fields of applied sciences particularly use of Caputo
differential operator, we present the Caputo variant of Eq. (2.1) in the
form given below whereas the justification and motivation for using
this fractional operator is also detailed in the forthcoming section.

Dy x(1) = fo (=X (O)dE = (y— a)x + 2+ qu,
D}, 0 = oy Syt = OV OAE =1 by =2
D20 = =y o= O ©Ode = —x ez,
CD'rofw(t) /o(t_ O ()d¢ = —dxy — pz,
2.1
with the initial conditions as defined below:
x(0) > 0, ¥(0) > 0, z(0) > 0, w(0) > 0. (2.2)

3. Preliminaries, algorithms and modeling
3.1. Adomian decomposition method

For the fractional-order continuous system, a number of numerical
solution schemes are available. However, some of the classical and
widely used algorithms are the Adomian decomposition method (ADM),
Adams-Bashforth-Moulton scheme (ABM), and the frequency domain
method (FDM).*4*> The ADM is used in this paper since it has higher
computational accuracy and its algorithm is presented as follows.

Consider the nonlinear differential equation of fractional-order

0 Dix() = f(x(0) + g(). (CRY)

with ,COD; representing the Caputo derivative operator Eq. (3.1), g(t) =
[g,(®), 8 @), ....g,®]T denoting the constants, and x(r) = [x,(?), x,(#), ...,
x,(O]T defining the state variables. Eq. (3.1) can be decomposed as
follows:

¢ Dix(1) = Lx(t) + Nx(t) + (1), (3.2)
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with Nx(t) denoting the nonlinear term of fx(¢), while L (¢) is the
linear terms of f(x(1). ,,J; is the integral operator, and applying it in
Eq. (3.3) will produce:

to)

X(t) = 1 JTLx() + I Nx(0) + ,g(z>+2bk (3.3)

with the following initial condition k =0, ...
Here, Nx(¢) can be evaluated by

,m—1, and x® (ta') =b,.

Nx() = Y0 A0, x!, . x), 3.4
i=0
where
A=l [HN(U (/1))]
(3.5)
V(A = iy (D x
fori=0,1,2,...,00, with j =1,...,n and
k
=1 ,82 - IO) ,

xl=, IO +,OJ,’A°(x°),

x2 = ,UJ;Lx' + ,OJ{Al(xO,xl),

(3.6)
xi = ,th’in’l + IOJt’Ai’l(xo,xl, LLxih
Therefore, the numerical solution is obtained:
[se]
x(t) = Z x'. (3.7)

3.2. Complexity analysis

An important method for examining the dynamic of chaotic systems
is the complexity measure of nonlinear time series. The subject is
presently an interesting and widely studied topic in the area of nonlin-
ear system. This method employs a number of algorithms to determine
the closeness some chaotic sequences to other random sequences, with
the complexity value increasing as the sequence gets nearer to the
random sequence. Some of the widely considered algorithms for these
problems includes C, algorithm and spectral entropy (SE), sample
entropy, fuzzy entropy, and statistical complexity measure (SCM). How-
ever, C, and SE schemes can precisely assess time series complexity and
thus, in this study, we will consider both C, algorithm and spectral
entropy (SE).

Consider the following time series, {x(n),n=0,1,2,...,N —1}. By
eliminating the average value, we obtain another time series of the
form:

x(n) = x(n) — X, (3.8)

with x = — Zn —0 x(n) Eq. (3.9) has the following Fourier transform:

N-1
X(k)y=Y x(me™ Nk, (3.9
n=0
for k=0,1,2,...,N — 1.
By setting
2
P(k) = |X(k)| (3.10)
Zk o |X(k>|2
we define the following spectral entropy (SE):
X1
SE =- Z P(k) - In(P(k)). (3.11)

ln<%) k=0
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We set
! N-1
Gy =— X%, 3.12
NEY Za| ® (3.12)

We introduce a control parameter r. Thus, we can generalize the
new series into

- X(h),if | Xk) >> rGy,
X(k) = (), if | X(k) |"> rGy (3.13)
0,if | X(k) P<rGy,
Then, the C;, complexity can be defined as
N-1 —2
— x(n) —x(n
Co(r,N) = Zymo XD =X (3.14)

N-1 2
Yo 1x(m)]
Jj2mnk

with n=0,1,...,N =1 and X(n) = - X7 X(k)e v

An efficient and reliable binary testing approach to find chaos in
different systems is the 0-1 test. The fundamental concept is to build
a data stochastic dynamic scheme and then observe how magnitude of
that scheme varies over time. While unbounded paths, such as Brow-
nian motion, demonstrate the chaotic state of the dynamic scheme,
the p-s plane bounded paths suggest the dynamic scheme is a regular
system.

Consider the time series, {x(n),n =0, 1,2, ..., N — 1} with the follow-
ing defined coordinate points ( p.(n), sc(n)):

p(n) = 22;1 x(j)cos(0())), (3.15)
s.(n) = ZFI x(j)sin(0(j)),

with () = jc + Zf:l x(i),c € [%, 4?”]

3.3. Modeling

In 2001, Ma and Chen*® proposed a third-order dynamic model
that characterizes a nonlinear chaotic financial system. This model
delineates the temporal changes in three state variables: the interest
rate (x), investment demand (y), and the price index (z). The set
of differential equations governing the Ma-Chen finance system*® is
expressed as follows:

x = z+@y-ax
= 1-by—x2 (3.16)
z = —-x-cz

In (3.16), a represents savings, b denotes the per-investment cost,
and ¢ signifies the elasticity of the demands of commercials. These
parameters are characterized as positive constants.

The proposition of a novel hyperchaotic finance system, distin-
guished by two positive Lyapunov exponents, includes the integration
of an extra state variable u, symbolizing the average profit margin
as proposed by Yu et al.!° The Yu hyperchaotic finance system'®
is delineated by a set of autonomous differential equations given as
follows:

z+(y—a)x+u
_ 2
L=by=x (3.17)

—-x—-cz
—dxy — ku

SN
Il

By modifying the dynamics of the Yu hyperchaotic finance system
(3.17), we obtain a new hyperchaotic finance system in this research
work.

Next, we present a novel 4D financial hyperchaotic system with
profit margin, which is delineated by a set of autonomous differential
equations given as follows:

X (y—ax+z+qw

yp = 1—by—x?

‘ yox (3.18)
z = —-x-cz

w —dxy — pz
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for some positive constants a, b, c,d, p, q.
Suppose the chosen values of a, b, ¢, d, p, q are:

a=1,b=0.1,c=08,d=04,p=03,4=02 (3.19)

By considering the initial points of x (0) = 0.6, y(0) = 0.4, z(0) = 0.6
and w(0) = 0.4, we obtain the Lyapunov exponents (LE) of system (3.18)
as follows 7, = 0.0775, 7, = 0.0237, 73 = 0 and 7, = —0.3512 to illustrate
the hyperchaotic behavior. Fig. 1 exhibits the plot for phase portraits
and strange attractors of the system. Let us consider the following
fractional-order system:

ED,’x =Qy-ax+z+quw,
WPy =1-by=s (3.20)
gD;z =—-x-cz,

gD;w = —dxy - pz,

with the order of derivative given as r ¢ (0, 1). Obviously, with r = 1
system (3.20) reduces to model (3.18).
Based on ADM scheme, system (3.20) becomes:

x(1) x(ty) —ax + z+ qw xy
y(0) ¥(to) S 1-by e
= +,.1 3.21
z(t) z(tg) o™t —x —cz UL ] ( )
w(t) w(ty) —-pz —dxy
with the decomposed nonlinear terms given as:

A0 , = —x0x0

—X
Al , = —(x'xo + xox])

—X
A2 , = —(x2x0 +xIx! + xoxz)

—x (3.22)
A3 , = —(3x0 4+ x2x! + x1x? + x0x3)

—X
A , = —(x*x0 4+ x3x! + x2x? + x1x3 + x0x%)

—X
AS_X2 = —(x5xO + x4+ 3% + X203+ xIxt + x0x5)

0 _,0,0
Axy =x"y

1 1,0 4 10,1
Axy =x)y +xy
A2 = 290 4 xlpl 4 x02

TV Y (3.23)
Aiy =30 + 2y + x1y? + x0y3
Aiy =xH0 + 3y +x2y% + x1y? + X0y
Af‘y =30 + x*pl + 132 + X293 + x1yt + x990

where the number of ADM decomposition is denoted by the superscript
in the decomposition system. For these systems, we have the following
initial states:

c? = x(ty)
0
¢l =yt
5 = ¥(1p) (3.29)
e = z(tg)
cg = w(ty)
with the coefficients set given as

1_,.0_,.0_4.0 0
Cl —qC4 acl +C3+C162

1 0_.0.0
c, =1—bc; —cjc

2 2 141 (3.25)
1__.0__..0
C3 = C] CC3

1= _p0 _ 7.0.0
¢, = —pe, dclc2
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(SR8

B LWL

Fi

=

1_ .1 1 1.0 4 .0.1
gey —ac; +c; ey e,
_pel 1.0 _ 0.1
1 b02 c e —cje (3.26)

_ol 1
C1 CC3

el 1.0 4 .0.1
pe; d(clcz+clc2)

2,22 0.2, 2.0, 1.1+
qC4 acl+c +CICZ+CICZ+C102F2(r+1)

3
1= be2 —0¢? — (260 — ¢lel L2rtD)
171 171 171 r2(r+1) 3.27)

—pe2 — 0.2 2.0 1.1y L@2r+1)
pe; d ((cl ¢y +cjey +clcz) )

T2(r+1)

3_ 3., 3., 3.0, 03 1.2, 2.1\ TG+l
qc, —acy + ey +ejo, ooy + (e eytee) TG+DI QD)
Iy __LGrtD

3
33,0 _ 03 _ (1.2, 2.1\ TG+
1 =bey —cje) —cje] = (e ei+eje; TG+ DI+

(3.28)
—c]3 - cci

—pcg —d <c3c0

0.3 1.2, 2.1y T'Gr+l)
16 o +(eeg+eie,) )

T+ Q2r+1)

T@r+1) 2 2 I'(dr+l)
T(r+1)rQGr+l) 172 12Q2r+1)

T@r+l) 2 2 T@r+D)
Ir+DI@r+l) 171 12@2r+1)

4.0, 0.4 3.0, 1.3
16 ¢y +(cje+e cy)

4 _ 4 4
qc, —ac; +63+C

1- bcg - c;‘co — 0t

313
G G R AT

A4
¢ —ccy
T(4r+1)

T(r+1)IGr+1)

—pc;‘ —-d <c4co

004 4 (3¢) 4ol o3 2,2 T@r+D)
16ty +(cje,+eicy) )

172 T22r+1)

(3.29)

S S 4S5 5.0 0.5 4.1, 1.4y TGrtl)
=qc, —ac] +c; +cjc, +cjcy +(Clcz+clc2)r(r+1)r(4r+1)
3.2,.2.3 r'Sr+l)
e+ ) TG
I(5r+1)
T(r+ 1) (4r+1)

CheS 5.0 _ 0.5 41 14
1 b02 el —6q (clcl+c1c1)

I'5r+1)

(3.30)
TQr+1)I'3r+1)

(302,23
(c]c]+clcl)

__5_ .5
=g

I'(5r+1)

0.5 (A1, 1.4
+ei6 (e G+ S T ranT

e 5.0
pey d(clcz

3.2 2.3 I'(5r+l)
+ (¢j¢e5 +cjcy) )

TQr+DI'3r+l)
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g. 1. Hyperchaotic financial system (3.18) using MATLAB in (a) x-y plane (b) y-z plane, (c) z-w plane and (d) x-w plane.

The numerical solution can be computed using the property of
fractional-order calculus as follows:

_0 1 h" > th 3 h}r
x® =i +em7on T T T TaeD
+ c4 i c5 il C6 H
1T@r+) 1 TG 1 Ter+)
_0 1 h" 2 hzr 3 h3r
y@0 =cte Te+D T2 TeD T 2 TG
bt P s B 6 hor
2TGD 2T T 2 TG (3.31)
z2() =+l Mt e +c; il
=S TS T TS Tern T B3 TeH
et P o B 6 h
3T@D - S3TGrD | S3T6rD
0 1 h" th h3’
w() = Gt I'(r+1) T rQr+l) T I'(3r+l)
et i s 0 6 hor
4TGr+D  4TGrrD T “4T6rrD

with the step size denoted by .
4. Analysis of dynamical characteristics
4.1. Existence and uniqueness of solutions

Fractional differential equations involve Caputo fractional deriva-
tives, which are extensions of classical derivatives to non-integer or-
ders. Due to the non-local character of fractional derivatives, the anal-
ysis of the existence and uniqueness of solutions for Caputo fractional-
order models can be more complex than for integer-order ODEs. Several
methods, including fixed-point theorems, integral equation methods,
and tools from functional analysis, can be used to prove the existence
of solutions for the Caputo fractional differential equation. There has
been extensive study into proving the existence of results for fractional-
order differential equations, which are useful for modeling physical
phenomena involving memory effects and anomalous diffusion. Due to
the non-locality of the fractional derivatives, showing the uniqueness
of solutions for fractional-order differential equations might be more
difficult than proving their existence. The uniqueness of the solution
may be conditional on the original data’s regularity and the constraints
of the fractional differential equation.

Eq. (2.1) represents the novel form of the model in a fractional
context using the nonlocal Caputo derivative. In this section, fixed-
point theorems are employed to establish the existence and uniqueness
of the proposed model’s solution. To enhance the academic rigor of our
proposed model, it is suggested that the model be reformulated with the
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following structure:
€Dy x(1) = (1, x, 3, 2, W),

“Dfy 1) = &t x, v, 2, w),

€Dy, 2(1) = G, x, . 2z, w),

(4.1)

Df wit) = &4t x, v, 2, w),

where the mathematical notations used on the right side of the above
structure are set as follows:

S x,y,z,w) = (y—a)x + z+ qu,
t,x,y,z,w)=1-by—x2,
Bl : g (4.2)
&t x,y,z,w) = —x — ¢z,
Cat,x, y,z,w) = —dxy — pz.

After setting up the notions, the Caputo model in (2.1) can also be
rewritten as follows:

teJ=[0,p], 0<r<l,

Cyr
{ Dip(t) = S(, p(1)); (4.3)

p(0) = py 2 0.

The above setting is said to be valid only if the following structure holds
true:

p(1) = (x,y.z,w)T,
p(0) = (xq, ¥9» Zg» Wo)T’ 4.4
Wt p(t)) = (&t x, .z, )T, i=1,....,4,

where the notation (-)" used in the above setting stands for the
transpose operation. After this, the Eq. (4.3) gets the following form:

’ 1 ! o
PO = o + T3 SC.00) = o+ /0 (- W S pG)dn.  (45)

Let us suppose that E = C([0, 8]; R) is a Banach space for all con-
tinuous functions from R — [0, #], where ||p|| = sup,g(o 4 |2(1)]. At this
stage, we establish the following Theorem 1 to prove the uniqueness
of the solution of the model based on the Caputo operator as shown in
Eq. (2.1).

Theorem 1. Let the function S € C([J,R]) and it maps bounded subset
of J x R* into compact subset of R. Further, it is also assumed that there
is a fixed constant = > 0 in such a way that the following condition (A,;)
holds:

(A) ST p1(0)) = SE paDI < Eslipr(®) = 22O ¥ e J and all
p1,p2 € C(IJ,R]). Thus, whenever ©5¢ < 1, and © = T then, the
above Eq. (4.5) which is equivalent to Eq. (2.1) will produce a unique
solution.

Proof. Let us consider P : E — E that is defined by the following
equation:

— 1 ! r—1
(Pp)(®) = po + ™ /0 (=" S, p(W))d . (4.6)

Now, P is well-defined and also a unique solution of Eq. (2.1). It
further illustrate the fixed points of P. Obviously, by considering
sup,cs ISE0)|| = M| and 4 > ||pyll + ©M,. Now, it suffices to justify
PII, c II;,and I1;, = {p € E : ||p|]| < 4}, is convex and closed. Thus,
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each p € IT,;, we have
t
[(Pp)D)] < |pol + % / (t = W 1S, plu)ldp

<pot / & = 1 1St p()) — S 0)] + 1S, O]

I
EcA+ M
<pp+ = Sr() 1)/(’—M)’ ldu
(Egd+ M) .
<po Wﬂ
<po+O(Egi+ M)
<A

4.7)

We justify the results. Moreover, for p,, p, € E, one attains
I(Pp)®) = (Pp)DIl £ —— ™™ / = ) 1S, py (1) = S, pa(u))lld

'-_S _ r—1 _
Sp(r)/o(t W () = pr(lldp

< OZg|lp (@) = py DI,
(4.8)

this justifies that ||(Pp;) — (Ppy)|l < ©Z¢|lp; — p1ll- Thus, due to Banach
contraction, the unique solution for Eq. (2.1) is claimed. []

Now, the existence of the solutions of the Caputo model given in
(2.1) will be shown with the aid of Krasnoselskii’s fixed point justifica-
tion as has been done in several existing studies, see for example.*”

Lemma 1. Let E be a Banach Space and M # @ defines a convex, closed,
and bounded subset of E. Let P,, P, represent two operators respecting the
following relations:

* Pip, + P,p, € M, provided that p,,p, € M.
* P, is continuous and compact.
» P, is a contraction mapping.

It follows that, there exists u € M satisfying u = Pju + Pyu.

Theorem 2. Purpose S : J X R* — R is continuous and holds for (A,)
defined above. Further, let

(A ISW )l < w(t), V(t,p) € J xR* and w € C([0, B1, R,).

This implies that Eq. (2.1) will have at least one solution for every
Exllpi(tg) = pa Il < 1.

Proof. Letting sup,.; |w(®)| = ||lw| and y > ||pyll + Ollw]||, we consider
={p€E : |lpll < x}. Suppose P, P, operators on B, are written as

(Pp)(t) = / = )™ S, pu)dp 1€ J,

I

and

(Pop)(1) = p(tp),

Now, each p;,p, €B " produces the following:

telJ.

t
1P, 2@ + (Pyp) O < ool + —— / = VIS oy )l
ra) Jo

<lloll + Ol o

<y <oco.
(4.9
Thus, Pyp, + P,p, € B,,. In the forthcoming steps, the contraction of

P, will be proved in an step by step manner. In this regard, for r € J
and p,,p, € B,,, we reach at the following inequality:

(1(Pyp)(@) = (Pap2)D < llp1(29) = 2t (4.10)
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Fig. 3. Bifurcation illustration and max Lyapunov exponents of system (3.20).

Here P, will also be continuous since S serves as a continuous function.
In addition, for every t € J and p, € B,

I1Ppll < Ollw|| < +co,

implies that P, is uniformly bounded. It can finally be justified that P,
is compact. Letting sup, ,c IxB, [|1S(t, p(1))|| = S*, it yields the following:

1
PO — (Pap)en)ll = % \o [ty — 1" = (t; = 0 ~11S (s P

15}
+ \ (ty — )" S, p(w)d
I

< S*
G

[20t = 1)) + (= 1)] = 0, as 1, > 1,.

(4.11)

Based on the principle of Arzeld Ascoli, the above-obtained result
proves that the Caputo fractional-order model (2.1) has at least one
solution.

4.2. Dynamics of new hyperchaotic finance system with variation in param-
eters a, b, ¢, d, p, and q

The numerical solutions of system (3.20) are obtained, and the
sensitivity analyses of parameters a, b, and p are carried out to examine
the influence in relation to the hyperchaotic finance (HF) system (3.20).
Take the parameter valuesa=1,b=0.1,¢c=0.8,d =0.4,p=0.3, q
= 0.2, r = 0.95 and initial state (x,, yy. 29, w,) = (0.6,0.4,0.6,0.4), the
bifurcation diagrams and max Lyapunov exponent are drawn in Figs. 2
and 3 to show the rich dynamic behaviors q, b, ¢, d, p and q change, a
varies from 0.6 to 1.5, b varies from O to 0.5, ¢ varies 0.5 to 1, d varies
0.2 to 0.5, p varies from 0 to 0.3, g varies 0 to 0.2. Figs. 4 and 5 show
the CO and SE Complexity of the financial hyperchaotic system (3.20).

To examine the effects of “a” on dynamic behaviors of the system
(3.20), the study considers the following values for b 0.1,¢
0.8,d = 04,p = 03,9 = 0.2,r = 0.95, and initial values (xg, ¥y, zg, W,)
(0.6,0.4,0.6,0.4), and letting a to be our critical variable. Fig. 6
shows the phase portrait and p-s graphs for 0-1 test of the financial
hyperchaotic system (3.20) using selected values of a.
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Fig. 4. C, and SE Complexity of financial hyperchaotic system (3.20).

To examine the effects of “b” on dynamic behaviors of system
(3.20), the study considers the following values for a = 1, ¢ = 0.8, d
=0.4,p =0.3,qg = 0.2, r =0.95, and initial values (x, yy, zg, W,) =
(0.6,0.4,0.6,0.4), and letting “b” to be our critical variable.

Fig. 7 shows the phase portrait and p-s graphs for 0-1 test of the
system (3.20) using selected values of b. The results show that with b
= 0.1, the scheme (3.20) is found to be in chaotic state but as b rises to
0.3 and 0.5, the system now said to be in periodic state, implying that
its stability improve as the value of b increases.

To examine the effects of “c” on dynamic behaviors of system
(3.20), the study considers the following values for a = 1, b = 0.1,
d =04,p=03,q=0.2 r =0.95 and initial values (x, yy, zo, w,)
= (0.6,0.4,0.6,0.4), and letting “c” to be our critical variable. Fig. 8
shows the phase portrait and p-s graphs for 0-1 test of the financial
hyperchaotic system (3.20) using selected values of c.

To examine the effects of “d” on dynamic behaviors of system
(3.20), the study considers the following values for a = 1, b = 0.1,
c=0.8,p=03,qg=0.2r = 0.95, and initial values (x, yy, zo, w,)
= (0.6,0.4,0.6,0.4), and letting “d” to be our critical variable. Fig. 9
shows the phase portrait and p-s graphs for 0-1 test of the financial
hyperchaotic system (3.20) using selected values of d.

To examine the effects of “p” on dynamic behaviors of system
(3.20), the study considers the following values for a = 1, b = 0.1,
c=0.8,d=04,q=0.2r = 0.95, and initial values (xy, yy, zo, w,)
= (0.6,0.4,0.6,0.4), and letting “p” to be our critical variable. Fig. 10
shows the phase portrait and p-s graphs for 0-1 test of the financial
hyperchaotic system (3.20) using selected values of p.

To examine the effects of “g” on dynamic behaviors of system
(3.20), the study considers the following values for a = 1, b = 0.1,
c=0.8,d=04,p=03,r = 0.95 and initial values (x, yy, zo, w,)
= (0.6,0.4,0.6,0.4), and letting “q” to be our critical variable. Fig. 11
shows the phase portrait and p-s graphs for 0-1 test of the financial

hyperchaotic system (3.20) using selected values of g.

4.3. Dynamics of hyperchaotic finance system with the variation in frac-
tional order

To investigate the effect of order “r”” on dynamic behavior of system
(3.20), the study considers the following values fora =1,b = 0.3, c =
0.8, d = 0.4, p = 0.3, ¢ = 0.2 with the initial state (x, yy, 2o, w,) =
(0.6,0.4,0.6,0.4), and fixed “r” as the critical variable.

Fig. 12 depicts the bifurcation plot, demonstrating the complex dy-
namic behavior as order “r” changes and includes chaotic and periodic
motions. The bifurcation plot, which is depicted in Fig. 12, is also
compatible with the max Lyapunov exponent and Fig. 13 illustrates the
CO and SE Complexity of system (3.20). Additionally, Fig. 14 presents
the contour plots of complexity in the r-b plane. Figs. 15 and 16 provide
more visual representations of the phases of the system and time series
plots of x, y, 2z, and w state variables with various orders, respectively.

5. Control of chaotic generalized fractional systems (GFSs)

This section introduces the control for fractional-order hyperchaotic
finance system using Laplace transform and the theorem stated below:
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Theorem 3 (*6). Let F(s) = L{f(?)}. If every pole of sF(s) is in the
complex left-half open plane, we have lim,_,, f(t) = lim,_y sF(s).

Our study focuses on using linear feedback control to regulate
solutions of the hyperchaotic finance system of fractional-order. For
the choicea =1,b=0.1,c=08,d =04,p=03,q=02r =
0.95, and initial state (x,, ¥y, z9, w,) = (0.6,0.4,0.6,0.4), we proved that
system (3.20) has hyperchaotic solution. By adding control functions to
the fractional-order hyperchaotic finance system (3.20), it becomes

D'x=@y—-—a)x+z+qw—kx,
D'y =1-by—x>—k,y,

y y =X 2); .1
D'z=-x—-cz—kjz,

D'w = —dxy — pz — kyw.

10

with the control gain matrix given as K = diag (ky, ky, k3, ky).

Theorem 4. System (5.1) can be approach to fixed point if the control
functions take the form: k, € R/{-a}, k, € R/{-b}, k3 € R/{—c} and
ks € R/{0}.

Proof. Using the Laplace transform for system (5.1), we get:
S X () =x(0)=L{x()y®O}—aX(s)+ Z(s)+qW(s) — k; X(s),
s"Y (s) — y(0) = § —bY(s) — Lx2 — ky Y (s),

s"Z (s) = z(0) = =X(s) — cZ(s) — k3 Z(5),
STW(s) = W(0) =—-dLxy— pZ(s) — k,W(s).

(5.2)
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Then,

X ()= X O + L{x )y () + Z () +gW ().
1 1

Y= mmm 0O+ | - Lx?), 5.3)
Z() = s GO = X (5)).
W (5) = s (0) — d L {xy}) = pZ (5)).

Using Theorem 4 and the Eq. (5.1), we obtain:
. _ 1

Jim (x(0), y(), 2(0), w(n) = <0, Tywe 0, 0). (5.4)

It notes that the solution of system (5.1) approaches fixed point
after adding the control functions, i.e, the proof of Theorem 4. is
completed. []

11

5.1. Numerical simulation

This subsection contains the numerical simulation for the fractional-
order hyperchaotic finance system after adding the control system
(5.1). The Predictor-Corrected method is used to find the numerical
solution for system (5.1). We choose K = diag(1l, 1, 2, 1) while
maintaining parameter values and initial points of (3.20). The solution

T
1 0, 0) , as shown in Figs. 17 and 18.

goes to fixed point E, = (0, ol

6. Conclusions

This paper employs the ADM to address the solution of a financial
system with a fractional-order component incorporating profit margin.
Through numerical simulations and analyses, including the assessment
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Fig. 13. Complexity of system (3.20) with order r varying from 0.3 to 1.
of Lyapunov exponents, the construction of bifurcation diagrams, com- the exact solutions for Caputo fractional-order models are presented.
plexity analysis, and the 0-1 test, a comprehensive understanding Additionally, we introduce a control methodology for the fractional-
of the system is obtained. Our findings reveal the manifestation of order hyperchaotic financial system using the Laplace transform and
periodic, chaotic, and hyperchaotic dynamics in the system. Further- linear feedback control. Notably, the research establishes a signifi-
more, the overall criteria for the existence and the uniqueness of cant correlation between analytical results and numerical simulations,

12
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underscoring the robustness and efficacy of our methodology. In the
future research, we will consider the impact of external factors or
exogenous variables on the fractional-order hyperchaotic financial sys-
tem. This could involve analyzing the system’s response to external
shocks or changes in economic conditions.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgment

This research was funded by Universitas Padjadjaran for the project
financial support.

References

1. Kachhia KB. Chaos in fractional order financial model with fractal-fractional
derivatives. Partial Differ Equ Appl Math. 2023;7:100502.

2. Matouk AE, Lahcene B. Rich complex dynamics in new fractional-order hyper-
chaotic systems using a modified Caputo operator based on the extended Gamma
function. Partial Differ Equ Appl Math. 2022;6:100458.

3. Johansyah MD, Supriatna AK, Rusyaman E, Saputra J. Application of fractional
differential equation in economic growth model: A systematic review approach.
Aims Math. 2021;6(9):10266-10280.

4. Idowu BA, Vaidyanathan S, Sambas A, Olusola OI, Onma OS. A new chaotic
finance system: Its analysis, control, synchronization and circuit design. In:
Pham VT, Vaidyanathan S, Volos C, Kapitaniak T, eds. Nonlinear Dynamical
Systems with Self-Excited and Hidden Attractors. Cham, Switzerland: Springer;
2018:271-295.

5. Ionescu C, Lopes A, Copot D, Machado JT, Bates JH. The role of fractional
calculus in modeling biological phenomena: A review. Commun Nonlinear Sci.
2017;51:141-159.

6. Silva MF, Machado JT, Lopes AM. Fractional order control of a hexapod robot.
Nonlinear Dynam. 2004;38:417-433.

7. Liu Z, Liu S. Double image encryption based on iterative fractional Fourier
transform. Opt Commun. 2007;275(2):324-329.

8. Coronel-Escamilla A, Gémez-Aguilar JF, Lopez-Lopez MG, Alvarado-Martinez VM,
Guerrero-Ramirez GV. Triple pendulum model involving fractional derivatives
with different kernels. Chaos, Chaos Solitons Fractals. 2016;91:248-261.

9. Yao J, Wang K, Huang P, Chen L, Machado JT. Analysis and implementa-
tion of fractional-order chaotic system with standard components. J Adv Res.
2020;25:97-109.

10. Cafagna D, Grassi G. On the simplest fractional-order memristor-based chaotic
system. Nonlinear Dynam. 2012;70:1185-1197.

11. Sukono Sambas A, He S, Liu H, Vaidyanathan S, Hidayat Y, Saputra J. Dynamical
analysis and adaptive fuzzy control for the fractional-order financial risk chaotic
system. Adv Differ Equ. 2020;2020:1-12.

12. He S, Sun K, Wang H. Synchronisation of fractional-order time delayed chaotic
systems with ring connection. Eur Phys J Spec Top. 2016;225(1):97-106.

13. Chen XR, Liu CX, Wang FQ. Circuit realization of the fractional-order unified
chaotic system. Chin Phys B. 2008;17(5):1664. 7pp.

14. Yu Y, Li HX, Wang S, Yu J. Dynamic analysis of a fractional-order Lorenz chaotic
system. Chaos Solitons Fractals. 2009;42(2):1181-1189.

15. Bekiros S, Jahanshahi H, Bezzina F, Aly AA. A novel fuzzy mixed H2/Hoo
optimal controller for hyperchaotic financial systems. Chaos Solitons Fractals.
2021;146:110878.

16. Chen H, Yu L, Wang Y, Guo M. Synchronization of a hyperchaotic finance system.
Complexity. 2021;2021:6618435, 7pp.

17. Zhao X, Zhan Z, Chen J. Adaptive finite time control for a class of hyperchaotic
financial systems. Int J Dynam Control. 2021:1-7.

18. He P, Li Y. Control and synchronization of a hyperchaotic finance system via
single controller scheme. Int J Intell Comp Cybernetics. 2015;8(4):330-344.

19. Yu H, Cai G, Li Y. Dynamic analysis and control of a new hyperchaotic finance
system. Nonlinear Dynam. 2012;67:2171-2182.

20. Vargas JA, Grzeidak E, Hemerly EM. Robust adaptive synchronization of a
hyperchaotic finance system. Nonlinear Dynam. 2015;80:239-248.

15

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

Partial Differential Equations in Applied Mathematics 9 (2024) 100612

Szumiriski W. Integrability analysis of chaotic and hyperchaotic finance systems.
Nonlinear Dynam. 2018;94:443-459.

Kai G, Zhang W, Wei ZC, Wang JF, Akgul A. Hopf bifurcation, positively invariant
set, and physical realization of a new four-dimensional hyperchaotic financial
system. Math Probl Eng. 2017:2017.

Rao R, Zhu Q. Exponential synchronization and stabilization of delayed feedback
hyperchaotic financial system. Adv Differ Equ. 2021;2021(1):216. 13pp.

Li X, Rao R, Zhong S, Yang X, Li H, Zhang Y. Impulsive control and syn-
chronization for fractional-order hyper-chaotic financial system. Mathematics.
2022;1015:2737.

Yousri D, Mirjalili S. Fractional-order cuckoo search algorithm for parameter
identification of the fractional-order chaotic, chaotic with noise and hyper-chaotic
financial systems. Eng Appl Artif Intel. 2020;92:103662.

Xu E, Ma K, Chen Y. Hoo control for a hyperchaotic finance system with
external disturbance based on the quadratic system theory. Syst. Sci. Control. Eng..
2021;9(sup1):41-49.

Wang C, Zhao X, Zhang Y, Lv Z. Global existence and fixed-time synchronization
of a hyperchaotic financial system governed by semi-linear parabolic partial differ-
ential equations equipped with the homogeneous Neumann boundary condition.
Entropy. 2023;25(2):359.

Olayiwola MO, Alaje Al, Yunus AO. A caputo fractional order financial mathe-
matical model analyzing the impact of an adaptive minimum interest rate and
maximum investment demand. Results Control Optim. 2024;14:100349.

Aljethi RA, Kilicman. Analysis of fractional differential equation and its application
to realistic data. Chaos Solitons Fractals. 2023;171:113446.

Alzaid SS, Kumar A, Kumar S, Alkahtani BS. Chaotic behavior of fi-
nancial dynamical system with generalized fractional operator. Fractals.
2023;31(4):2340056.

Li B, Zhang T, Zhang C. Investigation of financial bubble mathematical model
under fractal-fractional Caputo derivative. Fractals. 2023;31(5):2350050.

Sene N. Analysis of a four-dimensional hyperchaotic system described by the
Caputo-Liouville derivative. Complexity. 2020;2020:888983.

Hajipour A, Hajipour M, Baleanu D. On the adaptive sliding mode controller for
a hyperchaotic fractional-order financial system. Physica A. 2018;497:139-153.
Ahmad H, Khan MN, Ahmad I, Omri M, Alotaibi MF. A meshless method for
numerical solutions of linear and nonlinear time-fractional Black-Scholes models.
AIMS Math. 2023;8(8):19677-19698.

Alquran M, Sulaiman TA, Yusuf A, Alshomrani AS, Baleanu D. Nonautonomous
lump-periodic and analytical solutions to the (3+ 1)-dimensional generalized
Kadomtsev—Petviashvili equation. Nonlinear Dynam. 2023;111(12):11429-11436.
Latif S, Sabir Z, Raja MAZ, Altamirano GC, Ntufez RAS, Gago DO, et al IoT
technology enabled stochastic computing paradigm for numerical simulation of
heterogeneous mosquito model. Multimed Tools Appl. 2023;82(12):18851-18866.
Qayyum M, Ahmad E, Saeed STauseef, Ahmad H, Askar S. Homotopy perturbation
method-based soliton solutions of the time-fractional (2+ 1)-dimensional Wu-
Zhang system describing long dispersive gravity water waves in the ocean. Aip
Conf Proc. 2023;11:1178154.

Sabir Z, Guirao JL. A soft computing scaled conjugate gradient procedure for the
fractional order Majnun and Layla romantic story. Mathematics. 2023;11(4):835.
Souayeh B, abir Z. Designing hyperbolic tangent sigmoid function for solving the
Williamson nanofluid model. Fractal Fractional. 2023;7(5):350.

Zarin R, Khan M, Khan A, Yusuf A. Deterministic and fractional analysis of a
newly developed dengue epidemic model. Wave Random Complex. 2023:1-34.
Butt AR, Raza N, Ahmad H, Ozsahin DU, Tchier F. Different solitary wave solutions
and bilinear form for modified mixed-KDV equation. Optik. 2023:171031.
Hashemi MS, Mirzazadeh M, Ahmad H. A reduction technique to solve the (2+
1)-dimensional KdV equations with time local fractional derivatives. Opt Quant
Electron. 2023;55(8):721.

Sulaiman TA, Yusuf A, Alshomrani AS, Baleanu D. Wave solutions to the more
general (2+ 1)-dimensional Boussinesq equation arising in ocean engineering.
Internat J Modern Phys B. 2023;37(22):2350214.

Cafagna D, Grassi G. Bifurcation and chaos in the fractional-order Chen system
via a time-domain approach. Int J Bifurcation Chaos. 2008;18(07):1845-1863.
Megherbi O, Hamiche H, Djennoune S, Bettayeb M. A new contribution for
the impulsive synchronization of fractional-order discrete-time chaotic systems.
Nonlinear Dynam. 2017;90:1519-1533.

Ma JH, Chen YS. Study for the bifurcation topological structure and the global
complicated character of a kind of nonlinear finance system (II). Applied Math
Mechanics. 2001;22:1375-1382.

Ahmed I, Kumam P, Tariboon J, Yusuf A. Theoretical analysis for a generalized
fractional-order boundary value problem. In: Fixed Point Theory and Fractional
Calculus: Recent Advances and Applications. Singapore: Springer Nature Singapore;
2022:175-187.

Duffy DG. Transform methods for solving partial differential equations. 2004
https://www.overleaf.com/1124824943wchjrzgvvbmr#d3dcad.


http://refhub.elsevier.com/S2666-8181(23)00125-0/sb1
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb1
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb1
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb2
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb2
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb2
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb2
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb2
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb3
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb3
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb3
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb3
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb3
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb4
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb5
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb5
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb5
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb5
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb5
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb6
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb6
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb6
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb7
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb7
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb7
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb8
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb8
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb8
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb8
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb8
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb9
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb9
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb9
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb9
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb9
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb10
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb10
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb10
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb11
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb11
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb11
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb11
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb11
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb12
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb12
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb12
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb13
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb13
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb13
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb14
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb14
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb14
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb15
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb15
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb15
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb15
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb15
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb16
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb16
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb16
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb17
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb17
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb17
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb18
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb18
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb18
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb19
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb19
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb19
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb20
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb20
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb20
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb21
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb21
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb21
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb22
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb22
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb22
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb22
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb22
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb23
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb23
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb23
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb24
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb24
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb24
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb24
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb24
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb25
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb25
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb25
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb25
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb25
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb26
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb26
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb26
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb26
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb26
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb27
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb28
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb28
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb28
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb28
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb28
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb29
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb29
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb29
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb30
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb30
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb30
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb30
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb30
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb31
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb31
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb31
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb32
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb32
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb32
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb33
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb33
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb33
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb34
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb34
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb34
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb34
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb34
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb35
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb35
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb35
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb35
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb35
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb36
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb36
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb36
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb36
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb36
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb37
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb38
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb38
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb38
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb39
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb39
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb39
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb40
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb40
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb40
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb41
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb41
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb41
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb42
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb42
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb42
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb42
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb42
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb43
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb43
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb43
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb43
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb43
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb44
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb44
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb44
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb45
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb45
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb45
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb45
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb45
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb46
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb46
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb46
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb46
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb46
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
http://refhub.elsevier.com/S2666-8181(23)00125-0/sb47
https://www.overleaf.com/1124824943wchjrzgvvbmr#d3dcad

	Investigation of the hyperchaos and control in the fractional order financial system with profit margin
	Introduction
	Motivation and reasons for using Caputo based model
	Preliminaries, algorithms and modeling
	Adomian decomposition method
	Complexity analysis
	Modeling

	Analysis of dynamical characteristics
	Existence and uniqueness of solutions
	Dynamics of new hyperchaotic finance system with variation in parameters a, b, c, d, p, and q
	Dynamics of hyperchaotic finance system with the variation in fractional Order

	Control of chaotic generalized fractional systems (GFSs)
	Numerical Simulation

	Conclusions
	Declaration of competing interest
	Data availability
	Acknowledgment
	References


